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ABSTRACT 
 

The first part of this work introduces the tubular film blowing process for polymer 

films production together with the process instabilities which represent the main 

limiting factors for this technology. Specific attention has been paid to the 

summarization and description of different models in chronological order, which can 

be utilized for single-layer and multi-layer film blowing modeling.  

In the second part of this work, a novel numerical scheme for variational principle 

based modeling of the non-isothermal, single-layer film blowing process which takes 

into consideration the generalized Newtonian model depending on three principal 

invariants of the deformation rate tensor, D, and its absolute value (defined as the 

square root of D.D), is proposed and successfully tested in order to understand           

the complicated relationship between processing conditions (i.e. internal bubble 

pressure, heat transfer coefficient, mass flow rate, cooling air temperature, melt/die 

temperature), material parameters (i.e. extensional viscosity, rupture stress, Newtonian 

viscosity, flow activation energy, power law index) and film blowing stability. It was 

discovered that the processing parameters, together with the flow activation energy, 

have a greater effect on the film blowing stability than the basic rheological 

characteristics of the polymer melt and the relationship between the film blowing 

stability window size (and/or minimum achievable final film thickness) and the 

extensional strain hardening has a non-monotonic character for a given range of melt 

strengths. 

In the last part of this work, the proposed variational principle based modeling 

approach for the multi-layer film blowing process was tested on the experimental data 

obtained from a 9-layer film blowing line which was used to produce a 

LDPE/LDPE/tie/PA6/EVOH/PA6/tie/LDPE/LDPE film under different processing 

conditions. It was established that the utilized model can be used to describe the 

bubble shape and to predict the internal bubble pressure reasonably well for all applied 

processing conditions. 

Keywords: Applied rheology  mathematical modeling  film blowing process  

extrusion  polymer melts  non-Newtonian fluids  stability analysis 



 
 

ABSTRAKT 
 

První část této práce se věnuje popisu jak procesu vyfukování, který se používá 

k výrobě polymerních fólií, tak různých typů nestabilit, které představují hlavní 

limitující faktor této technologie. Zvláštní pozornost byla věnována shrnutí a popisu 

jednotlivých matematických modelů, které mohou být využity k modelování tohoto 

procesu. 

Ve druhé části této práce bylo navrženo a úspěšně otestováno stabilní numerické 

schéma pro modelování neizotermálního procesu vyfukování jednovrstvé polymerní 

fólie pomocí variačního počtu s využitím generalizovaného Newtonského modelu 

beroucí v úvahu funkční závislost viskozity na třech základních invariantech 

deformačně rychlostního tenzoru D a jeho absolutní hodnotě (definované jako 

odmocnina z D.D), a to s cílem porozumět komplikovanému vztahu mezi procesními 

podmínkami (vnitřní přetlak, koeficient přestupu tepla, hmotnostní průtok, teplota 

chladícího vzduchu, teplota taveniny/vytlačovací hlavy), materiálovými parametry 

(tahová viskozita, pevnost taveniny, Newtonská viskozita, aktivační energie toku, 

index nenewtonského chování) a stabilitou procesu vyfukování. Bylo odhaleno, že 

procesní parametry společně s aktivační energií toku mají větší vliv na stabilitu 

procesu vyfukování fólií než základní reologické charakteristiky polymerní taveniny, 

přičemž vzájemný vztah mezi velikostí stabilitního okna (a/nebo minimální 

dosažitelnou finální tloušťkou fólie) a stupněm zatvrzení při protahování polymerní 

taveniny má nemonotónní charakter v daném rozsahu pevnosti taveniny.  

V poslední části této práce byla testována využitelnost a aplikovatelnost     

variačního počtu na modelování procesu vyfukování vícevrstvých fólií s          

využitím experimentálních dat získaných vyfukováním koextrudované                  

fólie typu LDPE/LDPE/pojivo/PA6/EVOH/PA6/pojivo/LDPE/LDPE při různých 

zpracovatelských podmínkách. Bylo prokázáno, že použitý model popisuje jak tvar 

vyfukovaného rukávu, tak velikost vnitřního přetlaku s dostatečnou přesností, a to pro 

všechny aplikované zpracovatelské podmínky. 
 

Klíčová slova: Aplikovaná reologie  matematické modelování  vyfukování fólií  

vytlačování  polymerní taveniny  nenewtonské kapaliny  stabilitní analýza   
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STATE OF THE FILM BLOWING PROCESS 
 

1.  The Film Blowing Process 
The film blowing process belongs to an important polymer processing operation 

continuously producing thin biaxially oriented thermoplastic films at constant mass 

flow rate. A biaxial orientation of a single or multi layer film structure is caused by the 

take-up force and internal bubble pressure effect in the machine (axial) and transverse 

(circumferential) direction, respectively. Typical applications of blown films include 

packaging (grocery sacks, carrier bags, garbage bags, food wrapping films, shrink 

films, stretch films), barrier films (meat or cheese packaging), agricultural films 

(greenhouse films, silage stretch films), medical films and separators for Li-ion 

batteries. All these biaxially oriented products are mostly made of polyolefines, 

polystyrene, polyvinylchloride and polyamide. The entire film blowing process is 

described below in compliance with Figure 1.1 introducing the most often used film 

blowing line, i.e. nip rolls are situated on the top [1-3]. 

 

1.1  Description of the Process  

At the beginning of a single-layer film blowing process (see Figure 1.1), the 

extruder is fed through the hopper by solid polymer pellets. Inside the extruder, pellets 

are transported, homogenized, compressed and melted between the rotating screw and 

stationary barrel of the extruder. Then, polymer melt is extruded through an annular 

die to a continuous tube. When the tube is first time extruded, closing of this future 

cylindrical tube is necessary. In this case, the end of the tube is tied by a rope and 

consequently drawn upward towards the nip rolls. At the same time, the tube is 

inflated into a bubble by the internal pressure. These both actions, which have to be 

done very carefully, to protect the bubble from tearing, are stretching the biaxially 

oriented film in two directions, as was mentioned above. Simultaneously, the bubble is 

cooled outside by an air ring. Inside of the bubble an internal bubble cooling system 

(IBC) can be used for more efficient cooling. Then, above the freezeline height, the 

cooled bubble is in a solid state with the final mechanical and optical properties. From 

the point of view of bubble stabilization, a calibration cage is usually used. Then, the 
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bubble is folded with the help of the collapsing frames changing the film from bubble 

shape to a lay-flat tube of film which can be then used in the tube form or the tube is 

slit to form a sheet. Finally, the resulting film is drawn by the nip rolls to a wind-up 

roll [1-2, 4-6].  

In the case of a multi-layer film blowing production (coextrusion), the above 

presented description of a single-layer film blowing process can be used as well, with 

only modifications that two or more different polymer melts are extruded from 

individual extruders through a coextrusion die (flat spiral dies) to a continuous         

tube [1-2]. 

 

Figure 1.1. The single-layer film blowing line. 
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The frequently used terms generally describing the film blowing process are 

summarized below [1-2, 7-8]: 
 

The blow-up ratio, BUR, is expressed as a ratio of the final bubble diameter, D1, at 

the freezeline height to the die diameter, D0, which usually varies from 1 to 5. This 

ratio describes mainly the melt stretching in the transverse direction. 

The take-up ratio, TUR, is a ratio of the film velocity above the freezeline height, 

vf, to melt velocity at the die exit, vd. The take-up ratio is usually kept between 5 and 

40 and determines the melt stretching in the axial machine direction.  It should be 

noted, that TUR can also be expressed as a draw-down ratio, DDR, defined as a ratio 

of the die gap, H0, to the final film thickness, H1 and blow-up ratio. 

The thickness reduction, TR, describes relationship between the die gap, H0, and 

the final film thickness, H1. This ratio is typically in the range of 20 to 200.  

Finally, the freezeline height, L, is defined as a ring shaped zone of frosty 

appearance located at the point where the resin solidifies, caused by a reduction in film 

temperature below the melting point of the polymer [2]. Thus, the freezeline height 

represents transition between the liquid and solid phases where no bubble deformation 

above this height is assumed. 

 

It is clear that the objective of the film blowing process is to produce a thin stable 

film of a uniform gauge with good optical and mechanical properties at a maximum 

production rate. Thus, for the continuous film blowing process operation and 

production of an acceptable film, a stable bubble of constant bubble diameter is 

required otherwise thickness-variation instability may appear and limit the film 

blowing process, as described in the following section [1-3, 7]. 

 
 

1.2  Bubble Instabilities 

During the film blowing process the instability called “thickness variation” can 

arise and significantly decrease a processing window of a stable blown film. This 

instability changes bubble shape in the area between the die exit and freezeline height 

(see Figure 1.2) which causes reduction of the film production-rate, worse mechanical 
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and optical product properties, formation of failures and large amounts of film scrap. 

Moreover, the film blowing process can be interrupted by one of the thickness-

variation instability types. Typical film blowing instabilities, their formation and 

elimination, are briefly introduced below [1, 9-15].    
 

Draw resonance, called also “Hourglassing”, happens especially when take-up ratio 

is high, thus, strain rates are high and the melt is stretched too quickly which appears 

as a continuous variation in bubble diameter, as can be seen in Figure 1.2a. The most 

popular stabilization way is increasing melt speed (screw speed) to get a higher 

freezeline height and lower take-up ratio. The same effect has also increasing melt 

temperature, narrowing die gap and material with higher melt index [1, 9, 11-14].  

Helical instability, known as “Snaking”, appears when freezeline is too low 

because of an unsuitable setting of air ring. Then, the right side of the bubble is cooled 

more than the left side (see Figure 1.2b). To solve this problem, increasing extruder 

output is needed. Other remedies include reduction of melt temperature, material with 

lower melt index or wider die gap [1, 9, 11-14].  

Instability of the freezeline height (FLH instability) is described by periodic 

oscillations at the interval from 30 seconds to 5 minutes in the area of freezeline       

(as presented in Figure 1.2c) where a little thickness variation in the machine direction 

arises. This can be caused by surging as the result of extruder motor amps and back 

pressure. To eliminate this varying extruder output and provide better mixing, an 

improvement in solids feeding and melting is necessary as well as application of        

an appropriate air ring, haul of speed or unworn screws [1, 9, 11, 14]. 

Heavy-bubble instability (also known as “Bubble sag”) occurs when cooling of a 

bubble is insufficient (Figure 1.2d). The preferred solution is to lower the freezeline 

height. So, extruder output should decrease as well as melt temperature. Another 

possibility is narrower die gap or material with lower melt index [1, 9-10].  

Bubble flutter (Figure 1.2e) appears below the freezeline when a high velocity of 

cooling air is impinging on the bubble surface. Solutions consist in higher freezeline 

height (lower blower speed), lower melt temperature, higher melt index resin or 

narrower die gap [1, 9-10].  
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Bubble breathing happens if air volume inside the bubble changes periodically. 

This “breathing” (see Figure 1.2f) causes various film thickness in machine direction 

and fluctuations in layflat width. The main problem is usually with internal bubble 

cooling system. Thus, cooling valves, blowers and sensors are controlled. The other 

solutions of this instability are reduction of melt temperature, using material with 

higher melt index or decrease of extruder output [1, 9-10]. 

Bubble tear, also called as “Snap off”, appears when the take-up force, needed to 

draw up the bubble, is higher than the tensile strength of the molten film. Thus, the 

bubble is torn (which is clear in Figure 1.2g) if it is cooled too quickly or drawn too 

fast. This problem can be solved by suitable adjustment of the air ring, reduction of 

extruder output (slower screw and nip speed), increase of the die and melt temperature, 

using a material with a higher melt index without strain hardening or by a narrower die 

gap [1, 9-10].           

                                     

                     
 
 
 
 

 
 

 
Figure 1.2. Different types of bubble instabilities in film blowing process. 

 

a) Draw resonance b) Helical instability c) FLH instability 

d) Bubble sag e) Bubble flutter f) Bubble breathing g) Bubble tear 
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As can be seen, bubble instabilities of the film blowing process include various 

problems: from variation of bubble diameter, film thickness and film width to 

scratches and tears. In spite of the presented recommendations reducing the bubble 

instabilities, the relationship between the machine design, processing parameters, 

material characteristics and stresses is not fully understood yet. Thus, for process 

optimization and its better understanding, modeling of the film blowing process is 

necessary. 

 
 

2.  Mathematical Modeling of the Film Blowing Process  
In the following two sections, modeling of the film blowing process describing 

single-layer as well as multi-layer film production is introduced. It is clear, that greater 

part of research studies on film blowing process has been focused on modeling and 

stability analysis of processing and material parameters relating to a single-layer 

blown film. In contrast to coextrusion, only a few experimental and modeling studies 

have been addressed to multi-layer process, despite its recent rapid growth and 

technological importance. 

 

2.1  Review of the Current Models Describing Single-Layer Film Blowing 
Process 

The first film blowing model was developed in 1970 by Pearson and Petrie [16-18]. 

In their pioneering work they employed a Newtonian model as the constitutive 

equation and the process has been considered isothermal. In more detail, film is 

assumed as a thin shell in tension in the machine and circumferential direction where 

the effect of inertia, surface tension, air drag, and gravity is neglected. This 

formulation became a basic idea for many of following researchers. In 1973, Petrie 

[19] extended the Pearson-Petrie formulation [16-17] to isothermal viscoelastic film 

blowing process using a constitutive equation of the Oldroyd type. In this work, 

bubble shapes for different Maxwell model types were numerically obtained. 

Afterwards, Petrie [20] derived equations describing bubble shape and velocity profile 

of the non-isothermal Newtonian film and isothermal elastic film, and then the 
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theoretical predictions compared with experimental data measured by Ast [21] and 

Farber [22]. It should be noted that accurate modeling of the heat transfer and the use 

of a suitable viscoelastic constitutive equation was required in this work. Further, 

experimental study of the film blowing process of low-density polyethylene (LDPE), 

high-density polyethylene (HDPE) and polypropylene (PP) was performed by Han and 

Park [23-24] who applied the power law model following Pearson and Petrie´s 

approach based on theory of thin shells. In the first study [23], a uniaxial and biaxial 

elongational flow behavior of viscoelastic polymer melts at different melt temperatures 

was investigated through an internal bubble pressure control. It was found that the 

obtained data of elongational viscosity under uniaxial stretching in film blowing 

process are very well comparable with the data of the melt-spinning process. In their 

subsequent paper [24], they developed mathematical model, taking into account the 

heat transfer between the molten film and the cooling air and the effect of gravity, to 

perform non-isothermal film blowing process analysis. Then, the theoretical 

predictions were compared with experimentally observed bubble and film thickness 

profiles of LDPE and HDPE films. Another experimental and theoretical work has 

been performed by Ast [25] who investigated cooling of the film by using the energy 

equation. Then, it was possible to determine the temperature profile along the bubble 

as well as height of the freeze line using heat transfer coefficient parameter. In 1976, 

Wagner [26], in his Ph.D thesis, modeled non-isothermal film blowing process for a 

Newtonian, purely elastic and a Maxwell fluid where he was able to accurately 

measure the take-up force with a specially constructed device. In the same period, 

Wagner [27] tried to find an agreement between theoretical model predictions and 

experimental data of internal bubble pressure assuming an average Newtonian 

viscosity during the process. In 1978, Pearson and Gutteridge [28] first modeled film 

blowing behavior of polypropylene film by purely elastic non-isothermal model. 

Gupta et. al. [29] reported experimental study of non-isothermal film blowing process 

of polystyrene (PS) film where viscoelastic behavior was described by the          

White-Metzner equation. In this work, bubble shapes, velocities, stretch rates, stresses 

and temperatures were measured in the area between the die exit and the freezeline 

height. It was revealed that circumferential stresses of the film were not predicted 
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accurately. On the other hand, stresses in the axial direction were predicted well. 

Fisher [30], in his Ph.D. thesis, determined the stresses in the machine and transverse 

direction with the help of measured temperature and deformation profiles. These both 

stresses were compared with experimentally obtained stresses. In this work, Wagner´s 

nonlinear integral equation was used as a constitutive equation. Luo and Tanner [31] 

applied to modeling of the film blowing process a non-isothermal viscoelastic model 

considering an Upper Convected Maxwell and Leonov models. Unfortunately, they 

found the solution highly unstable and were unable to obtain convergence with 

arbitrary values of the film-blowing parameters. Also, they compared their predictions 

of blown PS film with the experimental results of Gupta [29] and concluded that 

numerical instability issues present the greatest problem in the process modeling. 

Kanai and White [32-33] developed theoretical model assuming the melt as a 

Newtonian fluid with a temperature dependent viscosity characterized by an Arrhenius 

model and incorporating crystallization effect in their energy equation. They found 

good agreement between experimental data and their model predictions for LDPE, 

LLDPE and HDPE. It was concluded that the bubble shape, radius and film thickness 

profiles are mostly influenced by the activation energy. This conclusion is supported 

by the work of Yamane and White [34] who modeled the film blowing process by the 

power law non-linear model with temperature and crystallinity dependent properties. 

In this work, it was revealed that increase in the activation energy has much greater 

effect on the bubble shape than variations in non-Newtonian characteristics. In 1988, 

Cain and Denn [35] applied for modeling of the film blowing process the Newtonian 

model as well as the non-isothermal Upper Convected Maxwell and Marrucci model 

which were tested on PS experimental data from Gupta [29] with different numerical 

techniques. In this work, the existence of multiple steady state solutions (bubble 

shapes) for the certain value of processing parameters (internal bubble pressure and 

take-up force) was observed. In 1990, Cao and Campbell [36] introduced two-phase 

model describing the area between the die exit and freezeline height by the modified 

Maxwell and Hookean model employed to description of liquid-like film behavior and 

solid-like film behavior, respectively. Here, the transition is described as the      

plastic-elastic transition (PET) and occurs when the Vohn-Mises yield condition [37] 
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is satisfied. This developed viscoplastic-elastic model presents results, i.e. bubble 

shapes, velocity and temperature profiles, in good agreement with the experimental 

data of Gupta [29] for polystyrene. Two-phase constitutive model was also introduced 

in the work of Ashok and Campbell [38] where the film blowing process is divided 

into a liquid part, liquid-solid part and solid part. Predictions of the bubble shape, 

velocity and temperature profiles were found in qualitative agreement with 

experimental data taken from [32] for high-density polyethylene. In 1993, the         

non-isothermal film blowing process was analyzed by Alaie and Papanastasiou [39] 

using a nonlinear integral constitutive equation that incorporates shear history effects, 

spectrum of relaxation times, shear thinning and extension thinning or thickening. 

Solving system of integrodifferential equations using a finite element discretisation 

with Newton iteration, bubble shape, velocity, temperature, stress and thickness 

profiles are obtained and compared with polystyrene experimental data from open 

literature [29]. In 1995, Liu et al. [40-41] performed online experimental 

measurements of radius, velocity and temperature along the LDPE and LLDPE blown 

films. Moreover, they studied effect of internal bubble pressure on the blow-up ratio 

for different values of the take-up ratio, melt temperature and air flow rate for LDPE, 

LLDPE and HDPE blown films. It was revealed that mostly, an “intuitive” effect of 

the internal bubble pressure on the blow-up ratio was observed, i.e. increasing internal 

bubble pressure leads to increasing the final bubble radius. On the other hand, a 

“counterintuitive” behavior was noticed at high blow-up ratios, where increase in 

bubble radius is caused by decreasing internal bubble pressure. The presented 

experimental results were then successfully compared with the developed              

quasi-cylindrical model by Liu et al. [42] including crystallization effect of              

non-Newtonian polymer melt on film blowing process. The model showed 

disagreement with the “counterintuitive” results reported by Pearson and Petrie        

[16-17]. In 1996, Sidiropoulos et al. [43] introduced non-isothermal, purely viscous, 

temperature-dependent mathematical model simulating bubble formation and the 

biaxial film stretching. The predicted bubble shape and temperature profile has been 

found in very good agreement with the LLDPE experimental data measured by Butler 

et al. [44]. Another film blowing model was applied in 1998 by André et al. [45]. In 
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their study, the model is composed of the Newtonian as well as viscoelastic 

constitutive equations. It was revealed, that the initial blowing angle at the die exit has 

significant influence on the bubble shape stability. Further, multiple solutions (bubble 

shapes) have been introduced in the case of non-isothermal viscoelastic behavior. In 

2002, the film blowing process of LDPE was experimentally and theoretically 

investigated by Khonakdar et al. [46]. The Experimental measurements were 

performed for axial tension, bubble diameter and film thickness under the different 

processing conditions (flow rate, internal bubble pressure and take-up speed). In the 

theoretical study, the polymer melt is considered as a non-Newtonian fluid of power 

law type in non-isothermal conditions. Then, the bubble shape, temperature profile and 

film thickness along the bubble were predicted by the developed mathematical model. 

In 2003, Muke et al. [47] developed a simple non-isothermal viscoelastic Kelvin 

model describing bubble diameter, film thickness and strain rate profiles in film 

blowing. In this work, the model predictions were obtained by numerical integration 

based on a finite element approach. Then, it was revealed that the experimentally 

measured film blowing data of PP are described by the non-isothermal Kelvin model 

more precisely than by the non-isothermal Newtonian model, which is probably 

caused by the relatively small Hencky strains and strain rates applied in the film 

blowing conditions. In 2003, Pirkle and Braatz [48] performed dynamic modeling of 

the film blowing process for LDPE experimental data of Liu et al. [40, 42]. A          

non-Newtonian constitutive equation including crystallization effect was used in the 

numerical method of lines solving the algebraic and partial differential equations. 

Then, the effect of operating parameters (heat transfer coefficient and internal bubble 

pressure) on the bubble radius, film thickness and film crystallinity was described. It 

was observed, that increasing internal bubble pressure leads to increasing bubble 

radius, which is in contradiction with the counterintuitive simulation results of Liu et 

al. [40, 42] who probably applied an incorrect boundary condition or numerical 

method in their simulation. In 2004, Muslet and Kamal [49] developed a mathematical 

model where the liquid-like region is described by the Phan-Thien and Tanner 

constitutive equation and the solid-like region by the neo-Hookean constitutive 

equation. The two-phase proposed model, taking into account crystallization effect and 



18 
 

variable heat transfer coefficient, predicts bubble shape, film thickness, velocity and 

temperature profiles and crystallinity in good agreement with the experimental results 

in the literature (Tas [50]). The transient behavior and nonlinear dynamics of the 

nonisothermal film blowing process were introduced by Hyun et al. [51]. In this study, 

the viscoelastic Phan-Thien and Tanner constitutive equation was incorporated into the 

numerical scheme overcoming numerical problems, such as periodic oscillations called 

draw resonance. In 2004, Zatloukal and Vlcek [52] introduced an opposite view on 

modeling of the film blowing process by using variational principle based model 

derived on the assumptions of Pearson and Petrie of a thin shell in tension. Here, the 

general equation for the bubble shape is a priori known and is understood as an elastic 

membrane which is deformed due to the internal bubble pressure and the take-up 

force, in such a way that the resulting stable bubble satisfies the minimum energy 

requirements. In more detail, modeling of the film blowing process considering 

isothermal elastic model for bubble with and without neck has been introduced in [52]. 

A very good agreement between the experimentally measured [50] and predicted 

bubble shapes, take-up force and internal bubble pressure values for LDPE and HDPE 

was observed. In 2006, Zatloukal and Vlcek [53] presented variational principle based 

model describing high stalk bubble formation (a bubble having an extremely long 

neck). The isothermal Newtonian model revealed high capability to describe 

experimentally obtained high molecular weight HDPE bubble shapes as well as 

velocity and thickness profiles. This model was then extended to a non-Newtonian 

polymer melt behavior considering non-isothermal process conditions of high stalk 

bubbles, stated in [54]. Following the classical analysis of Pearson and Petrie [16-17], 

in 2007, Beaulne and Mitsoulis [8] used K-BKZ integral constitutive equation with a 

spectrum of relaxation times to perform numerical viscoelastic simulations with the 

isothermal Newtonian and Upper-Convected Maxwell models. It was concluded that 

the poor agreement between LDPE experimental data [50] and the bubble shape and 

velocity profile predictions is attributed to an inability of the model to take into 

account aerodynamic forces supporting bubble cooling. Therefore, reasonable 

agreement is observed between the experimental and the simulated temperature 

profiles of LDPE. Extended Pom-Pom constitutive equation, describing rheological 
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behavior of branched polymers, together with crystallization kinetics and a variable 

heat transfer coefficient was applied to analysis of the non-isothermal film blowing 

process performed by Sarafrazi and Sharif [55] based on [16-17]. The investigated 

predictions of bubble shape, velocity and temperature profiles, strain rates, stresses in 

the machine and transverse direction, take-up force and internal bubble pressure are 

found in good agreement with the experimental data of Tas [50]. In 2011, Kolarik and 

Zatloukal [56] introduced variational principle based non-isothermal film blowing 

model describing non-Newtonian polymer melts. This model is based on minimum 

energy approach developed in [52] and novel generalized Newtonian model [57] used 

as a constitutive equation describing the strain rate dependent steady shear and 

uniaxial extensional viscosities of linear and branched polyolefines as well as 

providing correct behavior in steady planar/equibiaxial extensional viscosity. Two 

developed iteration schemes (fixed bubble shape or internal bubble pressure) present 

similar predictions very well comparable with theoretical (Beaulne and Mitsoulis [8] 

and Sarafrazi and Sharif [55]) as well as experimental data (internal bubble pressure, 

take-up force, bubble shape, velocity and temperature profiles) taken from the open 

literature (Tas [50]). In 2011, Demay and Clamond [58] developed non-isothermal 

membrane model including the balance equations based on a stretching force and a 

curvature equation. A nonlinear system of differential equations for velocity, 

thickness, radius and stress components along the bubble was then involved to the 

computational procedure together with the take-up force and internal bubble pressure 

obtained by shooting method. In 2012, Kim et al. [59] applied transient simulation 

techniques to investigate the frequency response of the non-isothermal film blowing 

process to the ongoing sinusoidal disturbances. In this work, the process sensitivity, 

defined by amplitude ratio of the film cross-sectional area at the freezeline height, was 

investigated under the various operating conditions, such as draw-down ratio, blow-up 

ratio, and cooling. It was observed, that the middle of three multiple steady states is the 

most sensitive to the disturbance due to the lowest stability caused by the nearest 

unstable draw resonance region. 
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2.2  Review of the Current Models Describing Multi-Layer Film Blowing 
Process 

In 1978, Han and Shetty [60] experimentally investigated blown film coextrusion of 

two polymers in various combinations of LDPE, HDPE, PP and ethylene-vinyl acetate 

(EVA). Then, the experiment was theoretically analyzed by using a power-law       

non-Newtonian model included in a computational procedure predicting the number of 

layers, layer thickness and the volumetric flow rate compared with the experiment. 

Theoretical investigation of two-layer blown film was also studied by Yoon and Park 

[61] in 1992. In their work, considering isothermal processing conditions, two film 

layers are described by a Newtonian and an Upper-Convected Maxwell fluid. In their 

following study [62] a linear stability analysis of this system has been performed. In 

2000, Stasiek [63] investigated the heat transfer between three-layer blown film and 

cooling medium by a developed mathematical model estimating length of a cooling 

path. In 2005, Gamache et al. [64] performed experimental study evaluating axial and 

transverse stresses in a two-layer coextruded blown film of LDPE, ultra low density 

polyethylene (ULDPE), LDPE/ULDPE and ULDPE/LDPE under various processing 

conditions. Then, these stresses were successfully compared with theoretically 

calculated ones by the non-isothermal Newtonian model. In 2009, a 2-D model 

describing non-isothermal two-layer blown film process was developed by Xu and 

McHugh [65]. This model is based on the 1-D model of Henrichsen and McHugh [66] 

taking into account viscoelasticity and flow-enhanced crystallinity. The 2-D model 

presents numerical results showing influence of the rheological, thermal and 

crystallization properties on the crystallinity development and stresses in particular 

layers. It was observed, that the individual layers of the same materials contain 

significantly different stresses due to the temperature difference. Further, different 

material properties in a certain layer affect stresses and crystallinity in its own layer as 

well as in another layer through heat transfer. Finally, it was concluded that stresses 

and semi-crystalline phase orientation at the freezeline, i.e. final film properties, are 

affected by the layer arrangement. 
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It is clear, that most of the studies focused on modeling of the single-layer film 

blowing process are based on the Pearson and Petrie formulation [16-17]. For this 

purpose, the Pearson and Petrie pioneering work is introduced below in more detail. 

  

 

2.3  Pearson and Petrie Formulation 

As was mentioned above, in 1970, Pearson and Petrie [16-17] developed simple 

mathematical film blowing model including the following assumptions: 

 
 

- the polymer melt behaves as a homogenous Newtonian fluid, 

- the formulation is considering non-isothermal processing conditions, 

- the bubble is described as a thin shell (h<<r) where the film thickness, h, is 

much smaller than the bubble radius, r,  

- the bubble movement is time steady and symmetrical around the bubble axis, 

- the velocity gradient across the film is not assumed, 

- the effects of gravity, surface tension, air drag and the inertia of the liquid are 

neglected due to their low values. 

 

The Pearson and Petrie formulation is based on a local Cartesian co-ordinate system 

(Figure 2.1) defined at a point P with the tangential (machine) direction 1, thickness 

direction (normal to the film) 2 and the transverse (circumferential) direction 3.  

 

In this co-ordinate system, the velocity components (v1, v2, v3) are suggested and 

utilized to obtain approximations to the velocity gradients 
j

iv




 included in the 

following deformation rate tensor 
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It should be noted, that the shear components of the strain rate are neglected due to 

the membrane approximation. Moreover, the origin point P is assumed to be on the 

inner surface of the film. Thus, on the inner surface, the velocity normal to the film 

thickness, v2, is equal to zero ( = 0) and on the outer surface v2 = Dh/Dt. Then, 

Dt

Dh

h

v 1

2

2 




 (2.2) 

Taking into account the condition of axisymmetric bubble and the 

relation  tanr3 , the velocity gradient in the circumferential direction is obtained 

in the following form 

Dt

Dr

r

v 1

3

3 




 (2.3) 

 

Figure 2.1. Cartesian co-ordinate system. 
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Finally, by applying the assumption of polymer incompressibility, the velocity 

gradient in the machine direction is revealed as  







 
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
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h
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
 (2.4) 

Then, r and h can be expressed as functions of x, and if term 


cos
d

dx


1

 is taken 

together with the velocity gradient in the machine direction 1
1 v

Dt

D



into account, the 

particular velocity gradients are then obtained in the following forms 
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 (2.7) 

Using the equation of continuity 

12 rhvQ   (2.8) 

where Q is the volumetric flow rate, and substituting Eqs. (2.5)-(2.7) into the above 

presented deformation rate tensor (Eq. (2.1)), leads to the following form 
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 (2.9) 

The principal stresses are defined by the below presented generalized Newtonian 

model 

Dp  2  (2.10) 

where p is the pressure,  is the liquid viscosity and  represents total stress tensor, 

defined as 
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where xx , yy , zz  are normal components of total stress tensor. If the condition of 

the free surface (yy = 0) is taken into account, then, with the help of the Eq. (2.11), 

the pressure, p, is obtained in the following form 

dx

dh

h
cosvp

1
2 1   (2.12) 

Applying the bubble assumption of a thin shell, the bubble is affected by the forces, 

11m hF   and 33t hF  , defined per unit length, in the machine and transverse 

direction, respectively, where 11 describes total stress in the machine direction and 

33 represents total stress in the circumferential direction. Solving these equations 

together with Eq. (2.12) and (2.11), the final expressions of these forces are following 


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It should be noted, that the overall force balance in the machine direction is given as 

follows [41, 23-24]: 

Δpinertsurfdraggravrheo FFFFFFF   (2.15) 

where Frheo is the rheological force in the film, F is the take-up force, Fgrav is the 

gravitational force caused by the film´s weight, Fdrag is the force between the air and 

the film surface, Fsurf is the surface tension of the bubble, Finert is the inertial force 

required to accelerate the fluid and Fp describes the pressure difference across the 

film.  

If the above presented assumptions are taken into account (i.e. gravity, surface 

tension, air drag and the inertia of the liquid are neglected), force balance in the 

vertical direction has the following form 

   22
1112 rRpFcosrh     (2.16) 

where 1R  describes the bubble radius at the freezeline height.  
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Then, after the momentum equation and membrane theory are taken into account, 

the internal bubble pressure, p, can be expressed in the following form: 

t

33

m

11

R

h

R

h
p

   (2.17) 

Here, parameters mR  and tR  represents the curvature radii in the machine and 

transverse direction, respectively. The presented curvature radii have a form 

 cos

r
R t  (2.18) 
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Term  cos  in Eqs. (2.18) and (2.19) is calculated as: 

 
2

1

1











dx

dr
cos   (2.20) 

From Eq. (2.16), stress 11  can be expressed as 

    
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Stress  x11  is a distance function from the annular die, x, as well as a function of 

parameters r(x), h(x) and   xcos  . The equation for stress  x11  has a specific form 

in the area of the freeze line height, L. If the line slope 







dx

dr
 is equal to zero, the stress 

in the machine direction  L11  at the freeze line height can be rewritten into the 

following form: 

 
11

11 2 HR

F
L


   (2.22) 

where the bubble radius at the freezeline height is BURRR 01  , and H1 is the bubble 

thickness at the same place. 

With the help of Eq. (2.17), the stress in the transverse direction is stated in the 

form  
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Finally, the stress at the freeze line height is introduced as 

  p
H

R
L 

1

1
33      (2.24) 

 

 

Let us now briefly introduce the Zatloukal-Vlcek model [52] applied in this       

Ph.D. study for modeling of the film blowing process taking into account                 

non-isothermal conditions and non-Newtonian fluid behavior. 

 
 
2.4  Zatloukal and Vlcek Formulation 

The Zatloukal-Vlcek model describes the film blowing process as a stable bubble 

which satisfies minimum energy requirements by using variational principles. The 

bubble is considered as a deformed elastic membrane due to the load, p, and the    

take-up force, F, where thickness is a neglected parameter because the membrane is 

very thin. Then, two bubble shapes can occur. One of them is the bubble shape before 

deformation (Figure 2.2) where this shape is understood as a line element of the 

membrane dx. Then, after deformation (Figure 2.2), shape of the element is changed 

and described by the following equation [52]: 

    dxýdxý 



  22

2

1
11      (2.25) 

This approximation of bubble-shape change is followed by zero contribution to the 

potential energy of the membrane. Then, the potential energy is composed of             

the elastic strain energy increase and negative work of the applied load. 
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Figure 2.2. Membrane before deformation (left), membrane after deformation  

(right) [52]. 

 

As presented in more detail in [52], through definition of bubble volume and 

minimization of potential energy functional I, the following differential equation is 

reached: 

021  pyyF   (2.26) 

Here, λ1 represents the Lagrange multiplier, p is the internal load and y indicates the 

equation of the bubble shape described in the following form: 
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where the parameter x means a positive number from zero to the freezeline height, L, 

parameter pJ is bubble curvature (which is given by membrane compliance, J, and the 

internal load, p), parameter   is defined as 

 
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00 12
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

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and parameter   is presented in Table 2.1, where A is given by the following equation 
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Biaxial orientation of the blown film is caused by the take-up force, F, which is 

expressed as 

2

2

J
L

F   (2.30) 

and internal bubble pressure, p, defined in the following form 
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where the term    
L

dxyy
0

212  in Eq. (2.31) means the bubble surface and the 

term pL is the force acting in the thickness direction of the bubble, Fthickness.               

Eq. (2.31) represents the calculation of the internal bubble pressure in such a way that 

the bubble is represented by an equivalent cylinder, which has the same surface as the 

real bubble. 

The total number of parameters needed to describe the bubble shape is equal to four 

(pJ, L, R0, BUR). Just note that pJ/R0 (dimensionless form of pJ) determines the total 

deformation (curvature) of the bubble which varies between 0 and R0(1+BUR)/2 for 

the bubbles without the neck [52]. 
 

Table 2.1. Parameters A and φ for different bubble shapes (y) [52]. 

Equation A φ y 

1. 1 0 R0
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THE AIMS OF THE DOCTORAL RESEARCH WORK 
 

The main goal of the doctoral research work is to develop and test a stable 

numerical scheme for modeling of non-isothermal film blowing process considering 

non-Newtonian fluids by using variational principles in order to understand the 

complicated relationship between the processing conditions, material characteristics 

and bubble stability. The individual aims are provided bellow: 

 

 Development and predicting capabilities testing of stable numerical scheme for 

variational principle based film blowing modeling by using particular set of 

experimental data taken from the open literature such as internal bubble 

pressure, take-up force, bubble shape, velocity and temperature profiles. 

 Investigation the effect of processing conditions (internal bubble pressure, heat 

transfer coefficient, mass flow rate, cooling air temperature, melt/die 

temperature) and material parameters (extensional viscosity, melt strength, 

Newtonian viscosity, flow activation energy, power law index) on the film 

blowing stability. 

 Evaluation of variational principles based modeling approach for multi-layer 

film blowing process.  
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SUMMARY OF THE PAPERS 
 
In this current doctoral thesis, novel numerical scheme for variational principles 

based modeling of non-isothermal film blowing process considering generalized 

Newtonian model, taking steady shear and extensional viscosity of the polymer melts 

properly into account, has been proposed and successfully tested in order to 

understand the complicated relationship between the equipment design, processing 

conditions, material characteristics and process stability. The main results of the four 

enclosed papers are highlighted in the following parts. 

 

Paper I 

Modeling of Nonisothermal Film Blowing Process for Non-Newtonian Fluids 

by using Variational Principles 

In this work, non-isothermal film blowing process analysis for non-Newtonian 

polymer melts has been performed theoretically by using minimum energy approach 

and the obtained predictions were compared with both, theoretical and experimental 

data (internal bubble pressure, take-up force, bubble shape, velocity and temperature 

profiles) taken from the open literature. For this purpose, recently proposed 

generalized Newtonian model depending on three principal invariants of the 

deformation rate tensor, D, and its absolute value defined as the square root of D.D has 

been used. It has been found that film blowing model predictions are in very good 

agreement with the corresponding experimental data. 

 

Paper II 

Stability Analysis of Non-Isothermal Film Blowing Process for Non-Newtonian 

Fluids using Variational Principles 

This study is focused on a numerical stability analysis of the film blowing process. 

The numerical scheme used is based on a variational principle model of the film 

blowing operation. This model employs non-isothermal processing conditions,       

non-Newtonian behavior of the polymer and physically limiting criteria (maximum 

tensile and/or hoop stress) to investigate the complex relationship between processing 
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conditions (internal bubble pressure, heat transfer coefficient, mass flow rate, cooling 

air temperature, melt/die temperature), material parameters (rupture stress, Newtonian 

viscosity, flow activation energy, power law index) and film blowing stability. It has 

been shown that the melt/die temperature has the highest impact on the film blowing 

stability window size as well as on the maximum and minimum achievable film 

thickness. In more detail, it has been found that processing parameters together with 

flow activation energy have much higher effect on the film blowing stability and 

maximum achievable film thickness than the basic rheological characteristics of        

the polymer melt. On the other hand, the effect of basic rheological parameters of the 

polymer melt become much more important than processing parameters (except          

of melt/die temperature) in order to reach minimum film thickness. 

 

Paper III 

The Effect of Polyolefin Extensional Rheology on Film Blowing Process 
Stability 

In this work, the effect of polyolefin extensional rheology on the film blowing 

stability and minimum achievable final film thickness has been investigated 

experimentally as well as theoretically utilizing variational principle model for the film 

blowing operation. It has been revealed experimentally as well as theoretically that the 

relationship between film blowing stability window size (and/or minimum achievable 

final film thickness) and the extensional strain hardening is non-monotonic in 

character, i.e. there is existence of the optimal values for both variables to reach 

maximum stability window size and/or the smallest minimum achievable final film 

thickness. 

 

Paper IV 

Evaluation of the 9-Layer Film Blowing Process by using Variational 
Principles 

In this work, coextrusion experiments utilizing an industrial 9-layer               

Brampton Engineering coextrusion film blowing line for 

LDPE/LDPE/tie/PA6/EVOH/PA6/tie/LDPE/LDPE film production has been 

performed under different processing conditions (different air cooling intensity and 
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mass flow rate) in order to evaluate variational principles based modeling approach for 

the multi-layer film blowing process. It has been revealed that the variational principle 

based model can describe the bubble shape and predict internal bubble pressure 

reasonably well for all applied processing conditions even if the multi-layer film has 

been viewed as the static elastic membrane characterized only by one material 

parameter - bubble compliance J, which was not allow to vary along the multi-layer 

bubble. 

Thus, it is believed, that the variational principle based modeling approach can be 

used and explored for the multi-layer film blowing process to understand complex 

rheological, heat transfer and crystallization phenomena occurring in multi-layer film 

blowing process with respect to process stability and final film properties.  
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CONCLUSION 
 
In this work, novel and stable numerical scheme for modeling of non-isothermal 

film blowing process, considering non-Newtonian polymer melts by using variational 

principles, has been proposed and validated in order to understand the complicated 

relationship between processing conditions (internal bubble pressure, heat transfer 

coefficient, mass flow rate, cooling air temperature, melt/die temperature), material 

characteristics (extensional viscosity, rupture stress, Newtonian viscosity, flow 

activation energy, power law index) and bubble stability. For this purpose, recently 

proposed generalized Newtonian model depending on three principal invariants of the 

deformation rate tensor, D, and its absolute defined value as square root of D.D has 

been used and the following findings have been discovered: 

 The film blowing model predictions are in very good agreement with the 

corresponding experimental data (internal bubble pressure, take-up force, 

bubble shape, velocity and temperature profiles) taken from the open literature 

for single-layer LDPE film production. 

 The role of biaxial extensional viscosity on the film blowing process is 

significant suggesting that film blowing model predictions might be rather 

erroneous when the equibiaxial extensional viscosity is not correctly taken into 

account by the utilized constitutive equation. 

 The melt/die temperature has the highest impact on the film blowing stability 

window size as well as on the maximum and minimum achievable final film 

thickness. 

 Processing parameters together with flow activation energy have much higher 

effect on the film blowing stability and maximum achievable final film 

thickness than basic rheological characteristics of the polymer melt. 

 The effect of basic rheological parameters of the polymer melt become much 

more important than processing parameters (except of melt/die temperature) in 

order to reach minimum final film thickness. 
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 The relationship between film blowing stability window size (and/or minimum 

achievable final film thickness) and extensional strain hardening is of          

non-monotonic character for a given range of melt strengths i.e. there exists 

some optimal values for both variables to reach maximum stability window size 

and/or the smallest minimum achievable final film thickness. 

 The film blowing stability increases (or minimum achievable film thickness 

decreases) if the melt strength, σ, increases with the increased extensional strain 

hardening parameter,
0

maxE,

3
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0

E

2

0

E

33 



 , where 'A , 'B  and 'C  are 

constants. 

 There is always existence of some minimum melt strength for the given 

extensional strain hardening parameter at which the film blowing stability is 

maximized or at which the achievable final film thickness is at its minimum. 

 The utilized variational principle based model can describe quantitatively as 

well as qualitatively the experimentally determined film blowing stability 

contours for linear as well as branched mLLDPEs. 

 Variational principles based modeling approach is applicable to correctly 

capture the bubble shape as well as to predict the internal bubble pressure 

during production of LDPE/LDPE/tie/PA6/EVOH/PA6/tie/LDPE/LDPE barrier 

films on 9-layer film blowing line even if the multilayer film has been      

viewed as the static elastic membrane characterized only by one material 

parameter - bubble compliance J, which was not allow to vary along the bubble.          
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ABSTRACT: In this work, nonisothermal film blowing
process analysis for non-Newtonian polymer melts has
been performed theoretically by using minimum energy
approach and the obtained predictions were compared
with both, theoretical and experimental data (internal
bubble pressure, take-up force, bubble shape, velocity and
temperature profiles) taken from the open literature. For
this purpose, recently proposed generalized Newtonian
model depending on three principal invariants of the de-
formation rate tensor, D, and its absolute defined as

ffiffiffiffiffiffiffiffiffiffiffi
D �Dp

has been used. It has been found that film blow-
ing model predictions are in very good agreement with
the corresponding experimental data. VC 2011 Wiley Periodi-
cals, Inc. J Appl Polym Sci 122: 2807–2820, 2011

Key words: extrusion; films; mathematical modeling; non-
newtonian fluids; numerical analysis; polymers; polymer
processing; rheology

INTRODUCTION

The film blowing process is an important polymer
processing operation which is widely used for thin
polymer films production.1–29 At the beginning of
the process, polymer pellets go through the extruder
hopper to the thread of the screw, where pellets are
transported, homogenized, compressed, and melted.
Then, the polymer melt is extruded at a constant
flow rate through an annular die to a continuous
tube, as can be seen in Figure 1, which describes the
most often used film blowing line type, the nip rolls
situated on the top of the line. The continuous tube
is stretched in two directions: the axial drawing
(machine direction) by the nip rolls and the circum-
ferential drawing (transverse direction) by the inter-
nal air pressure. Simultaneously, the bubble is
cooled by an air ring (with/without internal bubble
cooling system IBC) situated around the bubble
level with the die exit. Then, above the freezeline
height, the bubble is in a solid state, with the final
mechanical and optical properties. Calibration bub-

ble cage is usually used to stabilize the system. The
dimensions of the bubble are defined by the terms
blow-up ratio, BUR, which is the ratio of the final
bubble diameter at the freezeline height to the bub-
ble diameter at the die exit, and the take-up ratio,
TUR, which is the ratio of the film velocity above
the freezeline to the melt velocity through die exit.
Above the calibration cage, the bubble is folded
between two table flaps and drawn by the nip rolls
to a wind-up roll. These biaxially oriented films of a
small thickness are used in commodity applications,
such as food wrapping and carrier bags in food
processing, medical films, scientific balloons, gar-
bage bags, and waste land fill liners in the waste
industry.3

The relationships between the machine design,
processing parameters, material and the extensional
stresses within the extending bubble are still not fully
understood although they have been investigated by
many researchers from the late 1930’s.1–14 The most
popular way to optimize the film blowing process is
modeling. The first film blowing model was devel-
oped by Pearson and Petrie20,22 for isothermal process
and Newtonian fluid where the film is assumed to be
a thin shell in tension in the axial and circumferential
directions. This model became the basis of the most
subsequent film blowing models.15–17,24,26,30–36 How-
ever, numerical instabilities,26,29 inability to describe
the full range of the bubble shapes27 and existence of
anomalous predictions37,38 were identified in the
open literature if one tried to solve the Pearson-Petrie
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equations with particular constitutive equations. It
has been recently found that these problems can be
overcome by the use of the Zatloukal-Vlcek model,30–
36 which describes the formation of the bubble,
because of the internal bubble pressure and the take-
up force, in such a way that the resulting bubble sat-
isfies the minimum energy requirements.

The main aim in this work is to investigate
predicting capabilities of the Zatloukal-Vlcek model
if nonisothermal conditions and non-Newtonian
fluid behavior are taken into account. The studied
model behavior will be compared with Tas’s Ph.D.
thesis experimental data18 and predictions of the
following two different Pearson and Petrie based
models: Sarafrazi and Sharif model16 (extended
Pom-Pom constitutive equation is used; a variable
heat transfer coefficient and stress induced crystalli-
zation is taken into account) and Beaulne and
Mitsoulis model15 (integral constitutive equation
of the K-BKZ type is utilized; constant heat
transfer coefficient and no crystallization effects
are assumed).

MATHEMATICAL MODELING

It has been shown by Zatloukal and Vlcek31 that the
bubble during blowing can be viewed as a bended
elastic membrane due to the load p and the take-up
force F, where the line element of the membrane

after loading can be simplified as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ y0ð Þ2

q
dx �

1þ 1
2 y0ð Þ2

h i
dx (see Fig. 2). In such a case, the mem-

brane potential energy can be expressed by the
following form:

Ep ¼ F

2

ZL
0

y0ð Þ2dx� p

ZL
0

ydx (1)

which takes into account two basic contributions to
the potential energy: elastic strain energy increase
and negative work done by the applied load. Having

the bubble volume, V ¼ p
R L
0 y2dx, as the main

geometrical constrain, the equation for the bubble
shape, y, can be derived through minimization of the
potential energy functional, I, in the following form:

I ¼ 1

2
F y0ð Þ2�py

� �
þ k1 py2

� �
(2)

i.e., I ¼ f x; y; y0ð Þ where k1 is the Lagrange multiplier.
The functional I is minimized if the following equa-
tion is satisfied:

@I

@y
� @

@x

@I

@y0
¼ 0 (3)

Equations (2) and (3) yield the following differen-
tial equation:

Fy00 � 1

J
yþ p ¼ 0 (4)

Where J is the compliance of the membrane defined
as positive constant taking the following form:

Figure 1 The film blowing line. [Color figure can be
viewed in the online issue, which is available at wiley
onlinelibrary.com.]

Figure 2 Membrane before deformation (left), membrane
after deformation (right). [Color figure can be viewed in
the online issue, which is available at wileyonlinelibrary.
com.]
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J ¼ 1

2pk1
(5)

Let us use the following boundary conditions for
the bubble shape:

@y x ¼ Lð Þ
@x

¼ 0; y x ¼ 0ð Þ ¼ R0 (6)

and

y x ¼ Lð Þ ¼ R0BUR ¼ R2 (7)

where R0 is the extrusion die radius, L the freezeline
height and R2 is the bubble radius at the freezeline,
i.e., x ¼ L. Since above the freezing line there is no
deformation, it can be assumed that y(x > L) ¼ const.
¼ y(x ¼ L). It is not difficult to show (see Ref. 31 for
detailed derivation) that the solution of eq. (4), con-
sidering the aforementioned boundary conditions,
takes the following form:

y ¼ R0 � pJð Þ cos xu
L

� �
� a0 pJ � BURR0ð Þ sin xu

L

� �
þ pJ

(8)

where force F is given by the following expression:

F ¼ � L2

Ju2
(9)

Here a0 and A are given below and the value of
u(A) is calculated according to Table I:

a0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pJ � R0 � BUR R0

pJ � BUR R0

R0 BUR� 1ð Þ
pJ � BUR R0

����
����

s
(10)

A ¼ pJ � R0

pJ � BUR R0
(11)

The total number of parameters needed to
describe the bubble shape is equal to four (pJ, L, R0,
BUR). Just note that pJ/R0 (dimensionless form of pJ)
determines the total deformation (curvature) of the
bubble which varies between 0 and Ro*(1þBUR)/2
for the bubbles without the neck.31

According to,31 the internal bubble pressure and
the take-up force for a 3D bubble can be directly cal-
culated from parameters of the proposed model and
the force balance by taking the 3D nature of a real
bubble into account through following equations:

Dp ¼ pL

2p
RL
0

y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ y0ð Þ2dx

q (12)

Ftotal ¼ Fj j (13)

where the term 2p
RL
0

y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ y0ð Þ2dx

q
in eq. (12) means

the bubble surface and the term pL is the force act-
ing in the thickness direction of the bubble, Fthickness.
Eq. (12) represents the calculation of the internal
bubble pressure in such a way that the bubble is
represented by an equivalent cylinder, which has the
same surface as the real bubble. Force F in eq. (13) is
defined by eq. (9).

Nonisothermal film blowing with
non-Newtonian fluid

In this section, the assumptions about the static (not mov-
ing) and elastic only bubble having constant thickness
will be relaxed. It is done here by considering an addi-
tional set of equations, which are summarized below.
Continuity equation:

Q ¼ 2pyðxÞhðxÞvðxÞ (14)

where Q is the volume flow rate, y(x), the radius of
the bubble, h(x), the thickness of the film and v(x) is
the film velocity, all as functions of the distance
from the die x.
Constitutive equation (generalized Newtonian fluid
recently proposed in39):

s ¼ 2g I Dj j; IID; IIID
� �

D (15)

where s means the extra stress tensor, D represents
the deformation rate tensor and g stands for the vis-
cosity, which is not constant (as in the case of stand-
ard Newtonian law), but it is allowed to vary with
the first invariant of the absolute value of deforma-
tion rate tensor I Dj j ¼ tr Dj jð Þ, (where |D| is defined
as the square root of D2) as well as on the second
IID ¼ 2tr D2

� �
, and third, IIID ¼ det Dð Þ, invariants of

D according to eq. (16)

g I Dj j; IID; IIID
� � ¼ g IIDð Þf I Dj j;IID;IIIDð Þ (16)

where g IIDð Þ is given by the well known Carreau-
Yasuda model, eq. (17) and f I Dj j; IID; IIID

� �
is given

by eq. (18).

TABLE I
Relationship Between A and u Functions

Equation number A u

(1) 1 0

(2) 0 < A < 1 arctg
ffiffiffiffiffiffiffiffiffi
1�A2

p
A

� �
(3) 0 p/2

(4) �1 < A < 0 pþ arctg
ffiffiffiffiffiffiffiffiffi
1�A2

p
A

� �
(5) �1 p
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g IIDð Þ ¼ g0aT

1þ kaT
ffiffiffiffiffiffiffi
IID

p� �a	 
 1�n
að Þ (17)

f ðIjDj; IID; IIIDÞ ¼ tanh aaT 1þ 1

4ð ffiffiffi
3

p Þ3
 !�w

2
4

8<
:

1þ IIID

II
3=2
D

�����
�����

 !w ffiffiffiffiffiffiffiffiffiffiffiffiffi
4jIIIDj3

p þ IjDj
3

þ b

3
5 1

tanhðbÞ

9=
;

f

ð18Þ

Here g0, k, a, n, a, w, b, f are adjustable parame-
ters and aT is temperature shift factor defined by the
Arrhenius equation:

aT ¼ exp
Ea

R

1

273:15þ T
� 1

273:15þ Tr

� �� �
(19)

where Ea is the activation energy, R is the universal
gas constant, Tr is the reference temperature and T
is local bubble temperature. This recently proposed
constitutive equation in39 has been chosen for the
film blowing modeling because it has high flexibility
to represent the strain rate dependent steady shear
and uniaxial extensional viscosities for linear and
branched polyolefines as well as it provides correct
behavior in steady planar/equibiaxial extensional
viscosity. Moreover, the model allows independent
strain hardening level control for planar/equibiaxial
extensional viscosity with respect to uniaxial exten-
sional viscosity through parameter w.39

It is not difficult to show that the equation of con-
tinuity (Q ¼ Svf) together with the generalized New-
tonian model (applied for the machine direction
stress sxx ¼ 2g _e1) yields the following expression for
the internal force (FN ¼ sxxS) at the freezeline in the
machine direction:

FN ¼ 2g _e1
Q

vf
(20)

where g and _e1 represent the mean values of the
melt viscosity (g ¼ 1

L

R L
0 gdx) and the extensional rate

( _e1 ¼ 1
L

R L
0
_edx), respectively, for the whole bubble, Q,

the volume flow rate, vf, the velocity of the film at
the freezeline. The equation for bubble compliance J
can be obtained by solving eqs. (9), (13), and (20) in
the following form:

J ¼ L2vf

2u2g _e1Q
(21)

Energy equation

With the aim to take nonisothermal conditions into
account, cross sectionally averaged energy equation
taken from,40 has been considered:

qCp
dT

dx
¼ � 2pyq

_m
½HTCðT � TairÞ þ rB�eðT4 � T4

airÞ�

þ s : rvþ qDHf
d/
dx

ð22Þ

where Cp stands for the specific heat capacity, q is
the polymer density, y means the local bubble ra-
dius, _m is the mass flow rate, HTC represents the
heat transfer coefficient, T is the bubble temperature,
Tair means the air temperature used for the bubble
cooling, rB stands for the Stefan-Boltzmann constant,
e represents the emissivity, s is the extra stress ten-
sor, !v means velocity gradient tensor, DHf indi-
cates the heat of crystallization per unit mass and /
is the average absolute crystallinity degree of the
system at the axial position, x.
To reduce the problem complexity, the axial conduc-

tion, dissipation, radiation effects, and crystallization
are neglected. For such simplifying assumptions,
eq. (22) is reduced in the following, the simplest ver-
sion of the cross sectionally averaged energy equation:

_mCp
dT

dx
¼ 2py½HTCðT � TairÞ� (23)

where the local bubble radius y is given by eq. (8). It
should be mentioned that neglecting several terms in
eq. (22) for the energy equation (especially crystalliza-
tion) may be the reason for the poor predicted of the
temperature profile along the bubble in the range of
the polymer freezing point. The eq. (23) applied for
the whole part of the bubble takes the following form:

ZTsolid

Tdie

_mCp

HTCðT � TairÞ dT ¼ 2p
ZL
0

ydx (24)

where Tdie and Tsolid represents the temperature of
the melt at the die exit and solidification tempera-
ture of the polymer, respectively. After integration
from die temperature, Tdie, up to freezeline tempera-
ture, Tsolid, we can obtain equation defining the rela-
tionship between freezeline height, L, and heat
transfer coefficient, HTC, which takes the following
simple analytical expression:

L¼� 1

2
_mCp ln � ðTdie � TairÞ

ð�TsolidþTairÞ
� �

u
pHTCðapJ�aBURR0�sinðuÞR0� pJuþsinðuÞpJ�a cosðuÞpJ þ a cosðuÞBURR0Þ

(25)
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With the aim to get equations for the temperature
profile along the bubble, it is necessary to apply the
eq. (23) for any arbitrary point at the bubble, i.e., in
the following way:

ZT
Tdie

_mCp

HTCðT � TairÞ dT ¼ 2p
Zx
0

ydx (26)

After the integration of eq. (26), the temperature
profile takes the following analytical expression:

T ¼ TairþðTdie�TairÞ exp
(
� 2pLHTC

_mCpu

 
�a½R0BUR�pJ�

�
"
cos

 
xu
L

!
� 1

#
þ sin

 
xu
L

!
½R0 � pJ� þ pJu

x

L

!)

(27)

Velocity profile calculation

With the aim to calculate the velocity profile and the
film thickness in the nonisothermal film blowing
process, the force balance in vertical direction (grav-
ity and upward force due to the airflow are
neglected) proposed by Pearson and Petrie is consid-
ered in the following form:

2pyhr11ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ y0ð Þ2

q ¼ F� pDp R2
0BUR2 � y2

� �
(28)

where r11 is the total stress in the machine direction
and F and Dp are defined by eqs. (9), (13), and (12).
The deformation rate tensor in the bubble forming
region takes the following form:

D ¼
_e1 0 0
0 _e2 0
0 0 _e3

0
@

1
A ¼

dv
dx 0 0

0 v
h
dh
dx 0

0 0 v
y y

0

0
B@

1
CA (29)

where v and h is bubble velocity and thickness,
respectively. Assuming that h � y, then

r11 ¼ s11 � s22 (30)

By combination of eqs. (15), (29), (30), the r11

takes the following form:

r11 ¼ 2g 2
dv

dx
þ v

y
y0

� �
(31)

After substituting eq. (31) into eq. (28), the equa-
tion for the bubble velocity in the following form
can be obtained.

v ¼ vd exp

�
ZL
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðy0Þ2

q
F�pDp R2

0BUR2�y2
� �	 


4Qg
� 1

2y
y0

8<
:

9=
;dx

0
@

1
A
(32)

where vd is bubble velocity at the die exit. Having
the velocity profile, the deformation rates and the
thickness can be properly calculated along the bub-
ble. The key film blowing variables are depicted in
Figure 3.

MODELING VERSUS EXPERIMENTAL DATA

In this part, the above described film blowing model
will be tested by using experimental data taken from
the Tas’s Ph.D. thesis.18 Moreover, theoretical predic-
tions will be compared with two different film blow-
ing models15–17 (those predictions will be taken from
the literature), which has already been utilized for
the same experimental data set.

Material definition

In this work, LDPE L8 taken from Tas’s Ph.D. the-
sis18 is considered. Material characteristics together

Figure 3 Film blowing variables. [Color figure can be
viewed in the online issue, which is available at wiley
onlinelibrary.com.]
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TABLE II
Characteristics of the L8 Stamylan LDPE Used in the Experiments by Tas18

LDPE
material

Grade
(Stamylan LD)

Melt Index
(dg.min�1)

Molecular weight averages
Density
(kg m�3)

Crystallization
temperature Tc (

�C)Mn (g mol�1) Mw (g mol�1) Mz (g mol�1)

L8 2008XC43 8 13,000 155,000 780,000 920 98.6

with corresponding viscoelastic Phan-Thien-Tanner
(PTT) model parameters are provided in Tables II
and III. It should be mentioned that predictions of
the PTT model41 for steady state shear and steady
uniaxial extensional viscosities have been used as
the measurements for LDPE L8 to obtain all adjusta-
ble parameters of the proposed model [eqs. (16–18)],
which is utilized here as the constitutive equation.
This procedure has been chosen due to the fact that
steady state rheological data for tested LDPE L8 is
not available in Tas’s Ph.D. thesis.

In Figure 4, it is clearly visible that the used
generalized Newtonian model has very good capa-
bilities to describe steady shear and steady uniax-
ial extensional viscosities for the Tas’s LDPE L8
sample, which justifies its utilization in the film
blowing modeling. The generalized Newtonian

model parameters are provided in Table IV and
the parameter w has been chosen to be 20 as sug-
gested in.39

Numerical scheme

To determine the heat transfer coefficients for the
Tas’s film blowing experimental data, first, the eq.
(8) has been used to fit the Tas’s bubble shapes to
obtain all model parameters (R0, L, BUR and pJ). In
the second step, the heat transfer coefficient HTC for
each specific condition has been determined by
using eq. (25).
On the basis of the input parameters (see numeri-

cal scheme in Fig. 5) and guess values for pJ, Dp, I Dj j,
IID, and IIID, so called average bubble viscosity g
can be determined according to eq. (33)

g ¼ g0aT

1þ kaT
ffiffiffiffiffiffiffi
IID

p� �ah i 1�n
að Þ

8>><
>>:

9>>=
>>;

tanh aaT 1þ 1

4
ffiffi
3

pð Þ3

� ��w

1þ IIID

II
3=2
D

�����
�����

 !w ffiffiffiffiffiffiffiffiffi
4 IIIDj j3

p
þI Dj j

3 þb

" #
1

tanhðbÞ

( )f

(33)

where I Dj j is the mean value of the first invariant of
the square root of D2, IID, and IIID represent the
mean value of the second and third invariants of
deformation rate tensor, respectively, and aT is the
average temperature shift factor [eq. (33)]:

IjDj ¼
ffiffiffiffiffi
_e21

q
þ

ffiffiffiffiffi
_e22

q
þ

ffiffiffiffiffi
_e23

q

IID ¼ 2 _e21 þ _e22 þ _e23

� � (34)

IIID ¼ _e1 _e2 _e3 (35)

aT ¼ exp
Ea

R

1

273:15þ Ts
� 1

273:15þ Tr

� �� �
(36)

Here, the average bubble temperature TS and
mean values of the deformation rate components
_e1; _e2; _e3 are defined as follows

TS ¼ Tdie þ Tsolid

2
(37)

_e1 ¼ 1

L

ZL
0

_e1dx (38)

_e2 ¼ v

h

h�H0

L
(39)

TABLE III
Discrete Relaxation Time Spectra Together With

Nonlinear PTT41 Model Parameters n and e at 190�C for
L8 Stamylan LDPE Sample

L8 (n ¼ 0.13, e ¼ 0.05)

ki (s) Gi (Pa)

4.28 � 10�5 2.17 � 105

2.07 � 10�4 9.18 � 104

1.34 � 10�3 5.75 � 104

9.02 � 10�3 2.43 � 104

5.69 � 10�2 8.91 � 103

3.53 � 10�1 2.34 � 103

1.82 � 100 3.21 � 102

9.94 � 100 1.24 � 101

Data are taken from Tas’s Ph.D. thesis.18
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_e3 ¼ � _e1 þ _e2
� �

(40)

where L is freezeline height, H0 is bubble thickness
at the die, v and h is mean value of bubble velocity
and thickness along the bubble, respectively, which
are defined bellow:

v ¼ 1

L

ZL
0

vðxÞdx (41)

h ¼ 1

L

ZL
0

hðxÞdx (42)

It is well known that during the film blowing pro-
cess, the melt viscosity is changing dramatically
between the extrusion die exit and freezeline height.
To take such strong temperature dependence of the
viscosity during velocity calculation of the film [by
using eq. (32)] into account, the following expression
for the viscosity g has been proposed and used:

g ¼ g aT;Bubble (43)

where aT,Bubble is the normalized bubble temperature
shift factor defined as:

aT;Bubble ¼ aT
aTS

(44)

where aTS represents the mean value of the Arrhe-
nius temperature shift factor aT [see eq. (19)], which
is given as follows:

aTS ¼ 1

L

ZL
0

aTdx (45)

The velocity profile is calculated by the help of
eq. (32) where the take-up force F is varied until the
calculated film velocity at the freezeline height
reached the desirable value (according to defined
TUR). For the obtained velocity profile, the average
bubble viscosity g is upgraded (based on the new
values of three deformation rate tensor invariants
I Dj j, IID, and IIID) and the velocity calculation is
repeated again until the average bubble viscosity g

Figure 4 Comparison between the generalized Newto-
nian model fit (solid lines)39 and PTT model predictions
(symbols) characterizing L8 Stamylan LDPE material
according to Tas’s Ph.D. thesis.18 [Color figure can be
viewed in the online issue, which is available at
wileyonlinelibrary.com.]

TABLE IV
Film Blowing Model Parameters for Tas’s Experiments No. 23 and 29 and L8 Stamylan LDPE Material

Input parameters for the Zatloukal-Vlcek film blowing model

Exp.
BUR
(�)

L
(m)

pJ
(m)

Dp
(Pa)

R0

(m)
H0

(m)
TUR
(�)

_m
ðkg s�1Þ

23 2.273 0.13365 0.027605 85 0.0178 0.0022 21.5083 0.00100
29 2.749 0.13882 0.029818 70 0.0178 0.0022 19.4437 0.00100

Parameters of the generalized Newtonian constitutive equation (w ¼ 20)

g0

(Pa s)
k
(s)

a
(�)

n
(�)

a
(s)

b
(�)

f
(�)

2,365 0.17242 0.71597 0.37108 1.10�5 9.21.10�7 0.054384

Temperature parameters

Tair

(�C)
Tsolid

(�C)
Tdie

(�C)
Tr

(�C)
Ea

(J mol�1)
R

(J K�1 mol�1)
Cp

(J kg�1 K�1)
25 92 145 190 59,000 8.314 2,300
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remains unchanged for the given take-up force F
and velocity profile.

In the final case, the bubble compliance J is calcu-
lated according to eq. (21). For the given pJ value
(bubble curvature) the internal load is determined
and consequently used for the internal bubble pres-
sure Dp [eq. (12)] calculation. By using this new Dp
value the velocity profile calculation is repeated
again until the Dp becomes constant. Above
described numerical scheme is summarized in
Figure 5. In this way, the internal bubble pressure
and take-up force can be calculated for the given
bubble shape. If the internal bubble pressure is
fixed, whereas the take-up force and bubble shapes
(i.e., pJ), are calculated variables, the above described
numerical scheme can be repeated for different
values of pJ until desirable Dp is obtained.

Film blowing experiment versus model prediction

In this section, proposed model predictions for
the bubble shape (Figs. 6 and 7), film velocity
(Fig. 8 and 9), and temperature profiles (Figs. 10
and 11), for the processing conditions summarized
in Table IV, are compared with Tas’s experimental
data18 together with theoretical predictions by Sara-
frazi and Sharif16 model and Beaulne and Mitsoulis
model,15 which are based on the classical approach
of Pearson and Petrie.20

It should be mentioned that two possible numerical
schemes have been tested for the proposed model.
First procedure consider that the bubble shape (i.e.,
pJ, BUR) is a priori known and take-up force F and in-
ternal bubble pressure Dp are unknowns parameters,
whereas in the second case Dp is known and bubble
shape (i.e., pJ, BUR) and F are unknown parameters
(see numerical scheme in Fig. 5).
As can be clearly seen in Figures 6–11, both nu-

merical approaches leads to very similar predictions
for all investigated variables (bubble shape, velocity,
and temperature) and it can be concluded that the
agreement between the proposed model predictions
are in very good agreement with the corresponding
experimental data. Moreover, tested model predic-
tions are comparable with the Sarafrazi and Sharif16

model predictions (which is based on the advanced
extended Pom-Pom constitutive equation; a variable
heat transfer coefficient and stress induced
crystallization).
Complete set of calculated variables in the pro-

posed model for theoretical predictions depicted
in Figures 6–11 are summarized in Tables V and
VI. It is visible that predicted F and Dp for all
tested polymers and processing conditions are in
fairly good agreement with the corresponding
Tas’s experimental data. These predictions are
comparable with Sarafrazi and Sharif16 model pre-
dictions and even better than Beaulne and Mit-
soulis model15 behaviour, which is based on the
viscoelastic integral constitutive equation of the K-
BKZ type assuming constant heat transfer coeffi-
cient and no crystallization effects. Just note that
for the die volume rate calculation (from the
experimentally known mass flow rate), the follow-
ing definition of the LDPE density taken from18

was used:

q ¼ 1; 000

0:934 � 0:001 � ð273:15þ TdieÞ þ 0:875
(46)

As it can be seen, the proposed approach for
the film blowing modeling is comparable with the
Pearson and Petrie based models for the tested
polymers and processing conditions. It should be

Figure 5 Iteration scheme for the proposed film blowing
model.
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Figure 6 Comparison of the bubble shapes between the
proposed model prediction,30 experiment No. 23 taken
from Tas’s Ph.D. thesis18 and the Beaulne/Mitsoulis model
prediction15 and the Sarafrazi/Sharif model prediction.16

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 7 Comparison of the bubble shapes between the
proposed model prediction,30 experiment No. 29 taken
from Tas’s Ph.D. thesis18 and the Beaulne/Mitsoulis model
prediction15 and the Sarafrazi/Sharif model prediction.16

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 8 Comparison of the velocity profiles between the
proposed model prediction,30 experiment No. 23 taken
from Tas’s Ph.D. thesis18 and the Beaulne/Mitsoulis model
prediction15 and the Sarafrazi/Sharif model prediction.16

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 9 Comparison of the velocity profiles between the
proposed model prediction,30 experiment No. 29 taken
from Tas’s Ph.D. thesis18 and the Beaulne/Mitsoulis model
prediction15 and the Sarafrazi/Sharif model prediction.16

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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mentioned that an additional value of the pro-
posed model is availability of analytical expres-
sions for the freezeline height/heat transfer
coefficient, bubble shape, internal bubble pressure
and take-up force, which significantly stabilizes
numerical scheme and anomalous predictions are
avoided.

To the author’s knowledge, the effect of biaxial
extensional viscosity on the film blowing experi-
ment has not been clearly investigated, yet in the
open literature because the measurement of the

biaxial extensional viscosity of the polymer melt is
very complicated.42 To fill this gap, the effect of
strain hardening level in equibiaxial extensional vis-
cosity (by keeping unchanged shear and uniaxial
extensional viscosities) on the film blowing process
is investigated here through parameter w occurring
in eq. (18). In this model, the parameter w increase
causes the equibiaxial extensional strain hardening
decrease for the LDPE L8 as shown in Figure 12
and vice versa. Film blowing modeling of the Tas’s
experiment No. 23, where parameter w was varied

Figure 10 Comparison of the temperature profiles
between the proposed model prediction,30 experiment No.
23 taken from Tas’s Ph.D. thesis18 and the Beaulne/Mit-
soulis model prediction15 and the Sarafrazi/Sharif model
prediction.16 [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

Figure 11 Comparison of the temperature profiles
between the proposed model prediction,30 experiment No.
29 taken from Tas’s Ph.D. thesis18 and the Beaulne/Mit-
soulis model prediction15 and the Sarafrazi/Sharif model
prediction.16 [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

TABLE V
Summarization of Tas’s Experimental Data,18 Zatloukal-Vlceka the Calculated Results for the Fixed Bubble Shape pJ
and Internal Bubble Pressure Dp are provided in the Parentheses and Without Parentheses, Respectively), Sarafrazi/

Sharif [16] and Beaulne/Mitsoulis [15] Model Predictions

Material L8
Experiment 23 Experiment 29

Models Dp (Pa) F (N) r11 (MPa) r33 (MPa) Dp (Pa) F (N) r11 (MPa) r33 (MPa)

Experimental
data (Tas)

85 4.30 0.410 0.068 70 3.50 0.270 0.070

Zatloukal-Vlcek
(this work)a

85.000
(64.910)

5.895
(5.834)

0.515
(0.510)

0.076
(0.058)

70.000
(46.341)

5.724
(5.619)

0.452
(0.444)

0.083
(0.055)

Sarafrazi and Sharif 69.60 4.80 0.462 0.018 55.84 3.34 0.311 0.038
Beaulne and Mitsoulis 186 1.86 0.196b 0.201b 168 2.13 0.206b 0.245b

a Zatloukal-Vlcek model considering nonisothermal conditions and non-Newtonian fluid behavior in this work.
b r11, r33 at the freezeline were calculated by using vd, R0, H0, F, Dp, BUR, vf provided in15 and Pearson and Petrie

equations r11 ¼ F
2pR0BURH1

and r33 ¼ R0BURDp
H1

.
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from 0 up to 30, reveals that w increase leads to
more neck-in like behavior of the bubble and
reduction of take-up force (see Figs. 13 and 14, Dp
¼ const.), as well as to reduction of the internal
bubble pressure if the bubble shape is fixed (see
Fig. 15, pJ ¼ const.). The obtained results clearly
show that the role of the biaxial extensional viscos-
ity in the film blowing process is significant. This
suggests that the film blowing model predictions
might be rather erroneous for the cases when the
equibiaxial extensional viscosity is not correctly
taken into account by the utilized constitutive
equation.

CONCLUSIONS

In this work film blowing process has been model
by using variational principles considering mini-
mum energy approach, nonisothermal processing
conditions and novel generalized Newtonian model
taking steady shear and extensional viscosity of
the polymer melts properly into account. The
obtained theoretical predictions have been com-
pared with the corresponding experimental data
(internal bubble pressure, take-up force, bubble
shape, velocity, and temperature profiles) as well
as with theoretical predictions of two different
Pearson and Petrie based models. It has been

Figure 12 The effect of w parameter in the utilized gener-
alized Newtonian model39 on the biaxial extensional
viscosity for LDPE L8. [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.com.]

Figure 13 The effect of w parameter in the utilized
generalized Newtonian model39 on the bubble shape for
experiment No. 23 in Tas’s Ph.D. thesis18 for the fixed Dp.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

TABLE VI
Summarization of the Proposed Film Blowing Model Predictions for Tas’s LDPEs and Processing Conditions

pJ (m) vd (m s�1) vf (m s�1) _Q (10�7 m3 s�1) H1 (10
�5 m) J (Pa�1)

Exp. 23 0.028611 (0.027605) 0.005143 (0.005143) 0.110627 (0.110627) 12.656 (12.656) 4.5007 (4.5008) 0.001763 (0.002183)
Exp. 29 0.032311 (0.029818) 0.005143 (0.005143) 0.100008 (0.100008) 12.656 (12.656) 4.1161 (4.1163) 0.002076 (0.002812)

HTC (W m�2 K�1) g (Pa s) �g (Pa s) aTS (�) aT (�) A (�)

Exp. 23 52.53 (51.47) 3,494.6 (3,482.0) 72,273.48 (72,657.1) 20.68 (20.87) 16.40 (16.40) �0.91280 (�0.76304)
Exp. 29 43.43 (42.20) 3,637.9 (3,626.0) 73,425.8 (74,171.0) 20.18 (20.46) 16.40 (16.40) �0.87342 (�0.62896)

_e1 (s
�1) _e2 (s

�1) _e3 (s
�1) ID (s�1) IID (s�2) IIID (s�3)

Exp. 23 0.82771 (0.82768) �2.39027 (�2.45498) 1.56257 (1.62730) 4.78055 (4.90996) 4.20479 (4.32668) �3.09145 (�3.30656)
Exp. 29 0.72051 (0.72046) �2.13999 (�2.24335) 1.41949 (1.52289) 4.27999 (4.48671) 3.77191 (3.96759) �2.18868 (�2.46137)

The calculated results for the fixed bubble shape pJ and internal bubble pressure Dp are provided in the parentheses
and without parentheses, respectively.
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revealed that both numerical approaches leads to
very similar predictions for all investigated varia-
bles and the model predictions are in good agree-
ment with corresponding experimental data. The
theoretical analysis has revealed that the role of
biaxial extensional viscosity on the film blowing
process is significant which suggests that film

blowing model predictions might be rather errone-
ous for the cases when the equibiaxial extensional
viscosity is not correctly taken into account by the
utilized constitutive equation.

NOMENCLATURE

A Zatloukal-Vlcek model function (1)
a Generalized Newtonian model

parameter (1)
aT Arrhenius temperature shift factor (1)
aT,Bubble Bubble temperature shift factor (1)
aTS Mean value of the Arrhenius temperature

shift factor aT (1)
aT Average temperature shift factor (1)
BUR Blow-up ratio (1)
Cp Specific heat capacity (J kg�1 K�1)
D Deformation rate tensor (s�1)
dx Element length in x direction (m)
Ea Activation energy (J mol�1)
F, Ftotal, FN Take-up force (N)
Fthickness Force acting in the thickness direction

of the bubble (N)
Gi Relaxation modulus in the ‘‘i’’ th

relaxation mechanism (Pa)
HTC Heat transfer coefficient (W m�2 K�1)
H0 Bubble thickness at the die exit (m)
H1 Bubble thickness at the freezeline

height (m)
h(x), h Local film thickness (m)
h Mean value of bubble thickness along

the bubble (m)
I|D| First invariant of the absolute value of

deformation rate tensor (s�1)
IjDj Mean value of the first invariant of

deformation rate tensor (s�1)
IID Second invariant of deformation rate

tensor (s�2)
IID Mean value of the second invariant of

deformation rate tensor (s�2)
IIID Third invariants of deformation rate

tensor (s�3)
IIID Mean value of the third invariant of

deformation rate tensor (s�3)
I Potential energy functional (N)
J Bubble compliance (Pa)�1

L Freezeline height (m)
Mn Number average molecular weight

(g.mol�1)
Mw Weight average molecular weight

(g.mol�1)
Mz Z average molecular weight (g mol�1)
_m Mass flow rate (kg.s�1)
n Power-law index (1)
p Internal load (Pa m)
Q Volumetric flow rate (m3 s�1)
R Universal gas constant (J K�1mol�1)

Figure 14 The effect of w parameter in the utilized gener-
alized Newtonian model39 on the predicted take-up force
for experiment No. 23 in Tas’s Ph.D. thesis18 for the fixed
Dp. [Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com.]

Figure 15 The effect of w parameter in the utilized general-
ized Newtonian model39 on the predicted internal bubble
pressure for experiment No. 23 in Tas’s Ph.D. thesis18 for
the fixed bubble shape. [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.com.]
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R0 Die radius (m)
R2 Bubble radius at the freezeline height

(m)
T Local bubble temperature (�C)
Tair Air temperature (�C)
Tc Crystallization temperature (�C)
Tdie Die exit melt temperature (�C)
Tr Reference temperature (�C)
Ts Average bubble temperature (�C)
Tsolid Solidification (freezeline) temperature

(�C)
TUR Take-up ratio 1
V Bubble volume (m3)
v(x), v Local film velocity (m s�1)
vd Bubble velocity at the die exit (m s�1)
vf Bubble velocity at the freezeline (m

s�1)
�v Mean value of bubble velocity along

the bubble (m.s�1)
x Particular distance from the die exit

(m)
y(x), y Local bubble radius (m)

Greek symbols

a Generalized Newtonian model
parameter (s)

a0 Zatloukal-Vlcek model function (1)
b Generalized Newtonian model

parameter (1)
DHf Heat of crystallization per unit mass

(J kg�1)
Dp Internal bubble pressure (Pa)
e Phan-Thien-Tanner model parameter

(1)
_e1 Extensional rate in machine direction

(s�1)
_e2 Extensional rate in thickness direction

(s�1)
_e3 Extensional rate in circumferential

direction (s�1)
�e Emissivity (1)
_e1 Mean value of extensional rate in

machine direction (s�1)
_e2 Mean value of extensional rate in

thickness direction (s�1)
_e3 Mean value of extensional rate in

circumferential direction (s�1)
f Generalized Newtonian model

parameter (1)
g Viscosity (Pa s)
g0 Newtonian viscosity (Pa s)
g Average bubble viscosity (Pa s)
k Relaxation time (s)
k1 Lagrange multiplier (Pa)
ki Relaxation time in the ‘‘i’’ th

relaxation mechanism (s)

n Phan-Thien-Tanner model parameter
(1)

p Ludolf’s number (1)
q Polymer density (kg m�3)
rB Stefan-Boltzmann constant (W m�2

K�4)
r11 Total stress tensor in machine

direction (Pa)
r33 Total stress tensor in circumferential

direction (Pa)
s Extra stress tensor (Pa)
s11 Extra stress in the machine directions

(Pa)
s22 Extra stress in the thickness directions

(Pa)
/ Average absolute degree of

crystallinity (1)
u Zatloukal-Vlcek model function (1)
w Generalized Newtonian model

parameter (1)
!v Velocity gradient tensor (s�1)
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Fig. 1. Stable bubble formation during the film blowing pro
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Typical film blowing instabilities are summ
(Cantor, 2006; Butler, 2000; Waller, 2002):

Draw resonance, also known as ‘‘Hourglassi

especially when the take-up ratio, TUR, is high, i.e
stretched too quickly at high strain rates. Then,
hardening, the internal bubble pressure periodica
and increases at 2–10-s intervals, as can be seen i
causes film thickness variation. In this case, the
stabilization method is increasing melt speed (sc
speed) to achieve a higher freezeline height and l
ratio. Similarly, the process can be stabilized by in
temperature, narrowing die gap and using a materia
melt index (Cantor, 2006; Obijeski and Pruitt, 1992;
Laffargue et al., 2002; Waller, 2002; Kim et al., 200

Helical instability, known as ‘‘Snaking’’, usually a
beginning of the process when freezeline is too lo
unsuitable setting of the air ring. Then, the right side
is cooled more than the left side and subsequently
undulating at intervals of 5 up to 10 s, as presented
in the previous case, to solve this problem, increa
output is needed. Other remedies include reduc
temperature, material with lower melt index or w
(Cantor, 2006; Obijeski and Pruitt, 1992; Butler, 20
et al., 2002; Waller, 2002; Kim et al., 2004).

Instability of the freezeline height (FLH instability

by periodic oscillations at an interval from 30 s to
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eliminate this varying extruder output and provide
an improvement in solids feeding and melting is ne
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Bubble tear, also termed as ‘‘Snap off’’, appears w
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clear in Fig. 2d) especially when it is cooled too qui
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cess.
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Bubble breathing happens if the air volume inside the bubble
changes periodically. This ‘‘breathing’’ (see Fig. 2e) causes film
thickness variation in the machine direction and fluctuations in
lay-flat width. The main problem is usually in the internal bubble
cooling system. Thus, cooling valves, blowers and sensors need to
be controlled carefully. Other solutions consist of reducing melt
temperature, using material with higher melt index or decreasing
extruder output (Cantor, 2006; Butler, 2000; Waller, 2002).

Heavy-bubble instability (also known as ‘‘Bubble sag’’) occurs
when bubble cooling is insufficient. Then, the bubble diameter
reaches its maximum at very short height, as can be seen in
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higher melt index resin or narrower die gap (Cantor, 2006; Butler,
2000; Waller, 2002).

It is evident that the stability of the film blowing process has
been investigated for a long time. Although there are numerous
general recommendations for film blowing instabilities reduction,
the direct relationship between the processing parameters, equip-
ment design and material characteristics, resulting in stable
processing window, is not fully understood yet. For better under-
standing of film blowing instabilities, stability and multiplicity
analyses, the Pearson–Petrie (Pearson and Petrie, 1970a, 1970b,
1970c) and Cain–Denn (Cain and Denn, 1988) formulations are

ain and Denn,
capability for
xperimentally
of numerical

se limitations,
eveloped and
al–Vlcek film
re the stable
sidering non-

nian polymer

Fig. 2. Different types of bubble instabilities in film blowing process: (a) draw resonance, (b) helical instability, (c) FLH instability, (d) bubble tear, (e) bubble breathing,

(f) bubble sag and (g) bubble flutter.
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Fig. 2f, and consequently touches the air ring whic
marks or wrinkles on the film surface. These pro
avoided by the freezeline height decrease through
put/melt temperature reduction. Another possib
material with lower melt index or narrower die
faster bubble cooling (Cantor, 2006; Butler, 2000; W

Bubble flutter (Fig. 2g) appears below the fre
cooling air is impinging on the bubble surface at a
Then, ‘‘chatter marks’’ are created on the film in t
direction. This type of instability can be controlled
freezeline height (lower blower speed), lower melt
akes flow
s can be

ruder out-
is using
enabling

ler, 2002).
line when
h velocity.
transverse
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perature,

usually employed. However, it has been shown (C
1988) that the Pearson–Petrie model has limited
describing a full range of bubble shapes observed e
and, equally important, may lead to a variety
instabilities. With the aim to overcome some of the
a stable numerical scheme has been recently d
applied for the variational principle based Zatlouk
blowing model (Zatloukal and Vlcek, 2004) (whe
bubble satisfies minimum energy requirements) con
isothermal processing conditions and non-Newto
behavior (Kolarik and Zatloukal, 2011).
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The main objective of this work is to perform a detailed
theoretical analysis of the film blowing stability using the
Zatloukal–Vlcek film blowing model considering physically limit-
ing criteria (maximum tensile and/or hoop stress). Specifically,
the effect of processing parameters (internal bubble pressure,
heat transfer coefficient, mass flow rate, cooling air temperature,
melt/die temperature) as well as material properties (rupture
stress, Newtonian viscosity, flow activation energy, power law
index) on the film blowing stability window size will be investi-
gated theoretically and the obtained results will be compared
with experimental data taken from the open literature.

formulation
film blowing
es minimum

ing blowing is
ternal load p

rane potential

where the take-up force F is given by the following expression:

F ¼�
L2

Jj2
ð9Þ

Here a0and A are given below and the value of j(A) is calculated
according to Table 1:

a0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pJ�R0�BURR0

pJ�BURR0

R0ðBUR�1Þ

pJ�BURR0

����
����

s
ð10Þ

Table 1
Parameters A and j for different bubble shapes (y) (Zatloukal and Vlcek 2004).

Equation A u y

1. 1 0 R0

2. 0oAo1 arctan
ffiffiffiffiffiffiffiffiffi
1�A2
p

A

� 	
The form of Eq. (8)

3. 0 p/2 R0 1�sin
xp
2L

� �
ð1�BURÞ

n o
4. �1oAo0 pþarctan

ffiffiffiffiffiffiffiffiffi
1�A2
p

A

� 	
The form of Eq. (8)

5. �1 p
R0

2
1þcos

xp
L

� �
ð1�BURÞþBUR

n o
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2. Mathematical modeling

2.1. Zatloukal–Vlcek formulation

The variational principle based Zatloukal–Vlcek
(Zatloukal and Vlcek, 2004) describes a stable
process as a state when the bubble shape satisfi
energy requirements. In more detail, the bubble dur
viewed as a bended elastic membrane due to the in
and the take-up force F, considering that the memb

energy Ep takes into account both, elastic strain energy increase

n g
n

ion

he
:

qu

d

sh

e
L. S
ass
see
e s
ry c

/0

A¼
pJ�R0

ð11Þ

e the bubble
te that pJ/R0

deformation
on that the A

the particular
irement (i.e.
I defined by
in Zatloukal

k (2004), the
a 3D bubble

oposed model
al bubble into

ð12Þ

ð13Þ

ns the bubble

ness direction
ulation of the
bble is repre-
surface as the

Eq. (14), and
been derived

tionally aver-
1) neglecting
rystallization.

acosðjÞBURR0Þ

ð14Þ

cos
xj
L

� �
�1

h i
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Having the bubble volume, V ¼ p
R L

0 y2dx, as the mai
constrain, the equation for the bubble shape, y, ca
through minimization of the potential energy funct
following form:

I¼
1

2
Fðy0Þ2�py
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þl1ðpy2Þ

i.e., I¼ f(x,y,y0) where l1 is the Lagrange multiplier. T
I is minimized if the following equation is satisfied
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@y
�
@
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@I

@y0
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Eqs. (2) and (3) yield the following differential e

Fy00�
1

J
yþp¼ 0

where J is the compliance of the membrane define
constant taking the following form:

J¼
1

2pl1

The following boundary conditions for the bubble
considered:

@yðx¼ LÞ

@x
¼ 0, yðx¼ 0Þ ¼ R0

and

yðx¼ LÞ ¼ R0BUR

where R0 is the extrusion die radius, L the freezelin
R0BUR is the bubble radius at the freezeline, i.e. x¼

the freezing line there is no deformation, it can be
y(x4L)¼const.¼y(x¼L). It is not difficult to show (
and Vlcek (2004) for detailed derivation) that th
Eq. (4), considering the above mentioned bounda
takes the following form:

y¼ ðR0�pJÞcos
xj
L

� �
�a0ðpJ�BURR0Þsin
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The total number of parameters needed to describ
shape is equal to four (pJ, L, R0, BUR). Just no
(dimensionless form of pJ) determines the total
(curvature) of the bubble. It is important to menti
parameter defined by Eq. (11) determine whether
bubble shape satisfies the minimum energy requ
whether the minimum potential energy functional
Eq. (2) can be found) or not (i.e. if Ao�1 as shown
and Vlcek (2004)). According to Zatloukal and Vlce
internal bubble pressure and the take-up force for
can be directly calculated from parameters of the pr
and the force balance by taking the 3D nature of a re
account through following equations:

Dp¼
pL

2p
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0 y
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dx
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q
dx in Eq. (12) mea

surface and the term pL is the force acting in the thick
of the bubble, Fthickness. Eq. (12) represents the calc
internal bubble pressure in such a way that the bu
sented by an equivalent cylinder, which has the same
real bubble. Force F in Eq. (13) is defined by Eq. (9).

The equations describing the freezeline height,
temperature profile along the bubble, Eq. (15), have
in Kolarik and Zatloukal (2011) from the cross-sec
aged energy equation (Doufas and McHugh, 200
axial conduction, dissipation, radiation effects and c
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The particular symbols have the following meaning: Cp represents
the specific heat capacity, HTC is the heat transfer coefficient, _m is
the mass flow rate, Tmelt(die) represent the die exit melt tempera-
ture, Tsolid is the solidification temperature and Tair is the cooling
air temperature.

It has to be mentioned that even if the assumption of constant
bubble compliance J along the bubble defined by Eq. (5) has
already been justified for standard range of processing conditions
and polymers (Zatloukal and Vlcek, 2004; Kolarik and Zatloukal,
2011), it can also be considered that J is a general function of x,
local film thickness, rheology, temperature, heat transfer, crystal-

ch
to
atic
r t
zel

rat
an

he

is
ed
in

de
rie
n r
of
, in

asu
equ

D

2

�����
!

nt
(as
act

uni
e lo

s be
fle
an

extensional viscosities for linear and branched polyolefins as
well as it provides correct behavior in steady planar/equibiaxial
extensional viscosity. Moreover, the model allows independent
strain hardening level control for planar/equibiaxial extensional
viscosity with respect to uniaxial extensional viscosity through
parameter c (Zatloukal, 2010).

It has been shown (Kolarik and Zatloukal, 2011) that the equation
for the bubble compliance J is defined in the following form:

J¼
L2vf

2j2Z _e1 Q
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lization effects, surface tension, etc., however, in su
potential energy functional given by Eq. (2) has
numerically and the problem becomes mathem
complicated because the analytical expressions fo
shape, take-up force, internal bubble pressure, free
and temperature profile will not be available.

2.2. Continuity equation

Q ¼ 2pyðxÞhðxÞvðxÞ

In this equation, Q represents the volumetric flow
radius of the bubble, h(x), the thickness of the film
film velocity, all as functions of the distance from t

2.3. Constitutive equation

Non-Newtonian behavior of the polymer melt
account through the constitutive equation deriv
generalized Newtonian model as recently proposed
2010):

t¼ 2ZðI Dj j,IID, IIIDÞD

where t is the extra stress tensor, D represents the
rate tensor and Z stands for the viscosity which va
first invariant of the absolute value of deformatio
I9D9¼tr(9D9), (where 9D9 is defined as the square root
as on the second IID¼2tr(D2), and third, IIID¼det(D)
D according to the following:

ZðI9D9,IID,IIIDÞ ¼ ZðIIDÞ
f ðI9D9 ,IID ,IIIDÞ

where Z(IID) is given by the well known Carreau–Y
Eq. (19) and f(I9D9,IID,IIID) is given by the following
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Z0aT

½1þðlaT

ffiffiffiffiffiffi
IID

p
Þ
a
�ðð1�nÞ=aÞ

f ðI9D9,IID,IIIDÞ ¼ tanh aaT 1þ
1

4ð
ffiffiffi
3
p
Þ
3

 !�c
1þ

III

II3=
D

�����
 2

4
8<
:
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
49IIID9

3

q
þ I9D9

3
þb

3
5 1

tanhðbÞ

9=
;

z

In these equations, Z0, l, a, n, a, b, z represe
parameters, whereas parameter c is equal to 20
in Zatloukal, 2010) and aT is temperature shift f
according to the Arrhenius equation:

aT ¼ exp
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where Ea is the flow activation energy, R is the
constant, Tr is the reference temperature and T is th
temperature.

This recently proposed constitutive equation ha
for the film blowing modeling because it has high
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ally more
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where Z and _e1 represent the mean values of the
ðZ¼ ð1=LÞ

R L
0 ZdxÞ and the extensional rate ð_e1 ¼

respectively, for the whole bubble and vf, is the veloc
at the freezeline (vf¼Q/(2pR0BURH1)) defined by Eq. (1

2.4. Velocity profile

The non-linear velocity profile along the bubble is
the force balance in the vertical direction (gravity
force due to the airflow are neglected) proposed by
Petrie (1970a) in the following form:

2pyhs11ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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where s11 is the total stress in the machine direction
are defined by Eqs. (9), (13) and (12). The deformati
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where v and h are the bubble velocity and t
respectively. Assuming that h5y, then

s11 ¼ t11�t22

by combination of Eqs. (17), (24) and (25), s11 can
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After substituting Eq. (26) into Eq. (23), the followin
the bubble velocity can be obtained:

v¼ vd exp
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Having the velocity profile, the deformation r
thickness can be properly calculated along the bub

2.5. Stability contours determination

In this work, the stability processing window is
closed area in the figure at which the relative final fi
H1/H0, (film thickness at the freezeline height divide
thickness at the die) is plotted as a function of the
BUR (see Fig. 3 as an example). The film blowing pro
here as unstable if the process does not satisfy min
requirements (Zatloukal and Vlcek, 2004) (Ao�1
defined by Eq. (11)) or if the film stress in the
circumferential direction reach the rupture stress. A t
processing window for a particular internal bubble p
DpA/Dpmin; DpmaxS is formed by four different co
(where A¼�1) and AD, DC where the film stress in
and circumference (s33) directions, respectively,
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rupture stress smax (see Fig. 3). It should be mentioned that the
both stresses are calculated according to the Pearson and Petrie
formulation (Pearson and Petrie, 1970a) as

s11ðxÞ ¼
F�pDpðrf

2�rðxÞ2Þ

2prðxÞhðxÞcosðyðxÞÞ
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where Rt and Rm are the curvature radius in the transverse and
machine directions, respectively. The presented curvature radii
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Fig. 4. Iteration scheme of the Zatloukal–Vlcek model utilized for the theoretical

film blowing stability analysis.

Fig. 3. Description of the stability processing window predicted by the Zatloukal–

Vlcek model.
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have the form

Rt ¼
r

cosðyÞ

Rm ¼
�1

ðd2r=dx2Þcos3ðyÞ

The cos(y) term in Eqs. (30) and (31) is calculated as

cosðyÞ ¼
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q

2.6. Numerical scheme

In the first step, a regular grid of H1/H0 vers
equidistant steps in both variables is created. For
node, the input parameters (see numerical scheme
guessed values for, I9D9 ,IID and IIID are specified, an
bubble viscosity Z can be determined according to

Z ¼ Z0aT
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where I9D9 is the mean value of the first invariant
root of D2, IID and IIID represent the mean value of th
third invariants of deformation rate tensor, respectiv
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Here, the average bubble temperature TS and mean values of the
deformation rate components _e1 , _e2 , _e3 are defined as follows:

TS ¼
TmeltðdieÞ þTsolid
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Then, the bubble compliance J is calculated according to Eq. (22).
For the given pJ value (bubble curvature) the internal load, p, is
determined and consequently used for the internal bubble pressure
Dp (Eq. (12)) calculation. By using this new Dp value the velocity
profile loop is repeated again until the Dp value remains unchanged.

The above described procedure is repeated for all H1/H0 versus
BUR grid nodes. A continuous field of the given film blowing
variables is determined using linear interpolation between grid
nodes. The film blowing stability window is then generated on the
H1/H0 versus BUR mesh for a given internal bubble pressure range
by all grid nodes for which the stability limit (i.e. for A¼�1)
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film blowing

ot satisfy the
k, 2004).

us section has
the effect of

nt, HTC, mass
temperature,
ity, Z0, flow
film blowing
as examined

mmarized in
Table 2, taken from Tas’s Ph.D. thesis (Tas, 1994) for LDPE L8

nd processing
odel correctly
ternal bubble

temperature
nd Zatloukal,
he results of
lso should be
erized here as
arameter.

wing stability

a,c,e, 14, 16c,
in HTC, smax,
window and
between the
wtonian fluid

dow size has
existence of

the optimal value for the Z0 and n to reach maximum stability

alys

el
dimensionless)

ion
s) imensionless)

54384

R. Kolarik et al. / Chemical Engineering Science 73 (2012) 439–453 445
_e2 ¼
v

h

h�H0

L

_e3 ¼�ð_e1þ _e2 Þ

where L is the freezeline height, H0 is the bubble th
die, v and h are the mean values of bubble vel
thickness along the bubble, respectively, which are

v¼
1

L

Z L

0
vðxÞdx

h¼
1

L

Z L

0
hðxÞdx

It is well known that during the film blowing pro
viscosity is changing dramatically between the extr
and freezeline height. In order to consider such str
ture dependence of the viscosity during the film ve
tion (using Eq. (27)) into account, the following expr
viscosity Z has been proposed and used:

Z¼ ZaT ,Bubble

where aT,Bubble is the normalized bubble temperatu
defined as

aT,Bubble ¼
aT

aTS

where aTS represents the mean value of the Arrhen
ture shift factor aT (see Eq. (21)) which is given as

aTS ¼
1

L

Z L

0
aTdx

The velocity profile is calculated by the help of Eq. (
take-up force F is varied until the calculated film v
freezeline height has reached the desirable value
defined TUR). For the obtained velocity profile, the a
viscosity Z is updated (based on the new values of thre
rate tensor invariants I9D9 , IID and IIID ) and the velocit
repeated again until the average bubble viscosit
unchanged for the given take-up force F and velocity

Table 2
Film blowing model parameters used for theoretical stability an

Input parameters for the Zatloukal–Vlcek film blowing mod
HTC (W m�2 K�1) Dpmin (Pa) _m (kg s�1)

52.731 85 0.00100

Parameters of the generalized Newtonian constitutive equat
g0 (Pa s) k (s) a (dimensionles

2365 0.17242 0.71597

Temperature parameters

Tair (1C) Tsolid (1C) Tmelt(die) (1C)

25 92 145
ð40Þ

ð41Þ

ess at the
y and the
ned below

ð42Þ

ð43Þ

s, the melt

and/or the rupture stress in the machine/circum
direction is reached. Just note that if Ao�1 the
process is viewed as unstable because it does n
minimum energy requirements (Zatloukal and Vlce

3. Results and discussion

The film blowing model described in the previo
been utilized in order to theoretically investigate
internal bubble pressure, Dp, heat transfer coefficie
flow rate, _m, cooling air temperature, Tair, melt/die
Tmelt(die), rupture stress, smax, Newtonian viscos
activation energy, Ea, and power law index, n, on the
process stability. This theoretical stability analysis w
for particular processing/material parameters su
ty calcula-
ion for the

ð44Þ

hift factor

ð45Þ

tempera-
ows:

ð46Þ

, where the
city at the
cording to
age bubble
eformation
lculation is

sample, Experiment no. 23, i.e. for the material a
conditions for which the utilized film blowing m
predicts basic film blowing parameters such as in
pressure, take-up force, bubble shape, velocity and
profiles as shown in our previous work (Kolarik a
2011). Figs. 5–16 and Tables 3–11 summarize t
the numerical film blowing stability analysis. It a
mentioned that the stability window size is charact
its area, which is calculated for each investigated p

3.1. Effect of investigated parameters on the film blo

window size

It is clearly visible in Figs. 5–7, 8a,c,e, 9–11, 12
that an increase in Dp, _m, Tair, Tmelt(die), or decrease
Ea leads to reduction of the film blowing stability
vice versa. On the other hand, the relationship
Newtonian viscosity, Z0, power law index of non-Ne
behavior, n, and the film blowing stability win
interestingly non-monotonic character i.e. there is
file. window size (see Figs. 13, 15, 16a,e).

is on Tas’s Ph.D. thesis data for LDPE L8 (Experiment no. 23) (Tas, 1994).

R0 (m) H0 (m) rmax (MPa) A (

0.0178 0.0022 1 �1

(w¼20)
n (dimensionless) a (s) b (dimensionless) f (d

0.37108 1.10–5 9.21.10�7 0.0
Tr (1C) Ea (J mol�1) R (J K�1 mol�1) Cp (J kg�1 K�1)

190 59,000 8.314 2300
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The effect of each parameter on the film blowing st
decreases in the following order as shown in Figs. 8, 1
Tmelt(die)(3.102)4Ea(0.823)4HTC(0.392)4Tair(0.380)4D
_m(0.168)4smax(0.139)4Z0(0.107)4n(0.097), where va

brackets represent the sensitivity of the stability window s
with respect to each parameter, which is defined as
window size))/(q(normalized parameter)).

3.2. Effect of investigated parameters on the maximum a

film thickness

b,d
in
ckn

BURs and vice versa. Interestingly, the power law index, n, and
rupture stress, smax, have practically no effect on the maximum
attainable film thickness (see Figs. 11, 12f, 15, 16f).

The effect of each parameter on the maximum attainable film
thickness according to Figs. 8, 12 and 16 decreases in the following
order: Tmelt(die)(3.175)4Ea(0.767)4HTC(0.576)4Tair(0.370)4 _m

(0.310)4Dp(0.122)4Z0(0.119)4n(0.019)4smax(0), where again
values in the brackets represent the sensitivity of the maximum
achievable film thickness change with respect to each parameter.

3.3. Effect of investigated parameters on the minimum attainable

s. 5–7, 8b,d,f,
decrease in n,

thickness at
ich minimum
, see Fig. 8b).

ir causes first
ess, which is
(at decreased
d Tair). Finally,
ly reaching of
BUR.
m attainable
reases in the
4Z0(0.183)4

Tair(0.030),
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Fig. 6. Predicted film blowing stability window shape for different
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Based on Figs. 5–7, 8b,d,f, 9, 10, 12b,d, 13, 14, 16
concluded that increases in HTC, Z0, Ea or decreases
Tmelt(die) allow to reach maximum attainable film thi
ability size
2 and 16:

p(0.295)4
lues in the
ize change
(q(stability

ttainable

, it can be
Dp, _m, Tair,
ess at low

film thickness

The theoretically predicted data depicted in Fig
9–11, 12b,d,f, 13–15, 16b,d,f clearly show that, first, a
Z0, Dp allows to reach lower minimum attainable film
high BURs and vice versa (except of Dp for wh
attainable film thickness is achievable at low BURs
Second, an increase in Ea, Tmelt(die), HTC, _m and Ta

decrease in the minimum achievable film thickn
followed by a subsequent increase in this parameter
BURs for Ea, HTC and increased BURs for Tmelt(die), _m an
an increase in rupture stress, smax, allows interesting
lower minimum attainable film thickness at constant

The effect of each parameter on the minimu
film thickness according to Figs. 8, 12 and 16 dec
following order: Tmelt(die)(0.821)4n(0.620)4Ea(0.302)
smax(0.180)4HTC(0.128)4Dp(0.081)4 _m(0.035)4
where again values in the brackets represent the
the maximum achievable film thickness change w
each parameter.

It is also important to mention that at low and h
film rupture is caused by the machine and circum
tion stresses, respectively.

4. Summary

Based on the performed theoretical film blow
analysis, it has been shown that processing parame

6 7

ABLE

TABLE

levels of the
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HTC, Tair, _m, Dp) together with flow activation energy Ea have a
larger effect on the film blowing stability window size and on
maximum achievable film thickness than the basic rheological
characteristics of the polymer melt (smax, Z0, n). More specifically,

Tmelt(die) and Ea parameters were found to have the highest impact
on the process stability and maximum achievable film thickness.
This suggests that in order to reach highly stable film blowing
processes or for heavy-duty bags production (thick final film

Fig. 8. The effect of internal bubble pressure, Dp, heat transfer coefficient, HTC, and mass flow rate, _m on the film blowing stability window size (a), (c), (e) and maximum/

minimum attainable film thickness (b), (d), (f).
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thickness is required), highly effective cooling systems
mers with as high as possible Ea should be utilized. This
agreement with the experimental work of Kim et al. (
Kanai and White (1984) where it is reported that re
the freezeline height (i.e. increasing of the cooling effi
utilization of polymers with higher activation energ
instead of LLDPE) stabilizes the film blowing proces
other hand, the effect of basic rheological paramet
polymer melt (n, Ea, Z0, smax), becomes much more
than that of processing parameters (i.e. HTC, Tair, _m, Dp) in order
to reach minimum film thickness. Interestingly, the

t a
m
fo

studied rheological parameters. This suggests that specific atten-
tion has to be paid during polymer system selection with respect
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Nomenclature

A Zatloukal–Vlcek model function (1)
a generalized Newtonian model parameter (
aT Arrhenius temperature shift factor (1)
aT, Bubble bubble temperature shift factor (1)
aTS mean value of the Arrhenius temperature sh
aT average temperature shift factor (1)
BUR blow-up ratio (1)
Cp specific heat capacity (J kg�1 K�1)

6

levels of the
theoretical
n increase
achievable
r the other

dx element length in x direction (m)
Ea flow activation energy (J mol�1)
F take-up force (N)
HTC heat transfer coefficient (W m�2 K�1)
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H0 bubble thickness at the die exit (m)
H1 bubble thickness at the freezeline height (m)
h(x), h local film thickness (m)
h mean value of bubble thickness along the bubble (m)

I9D9 first invariant of the absolute value of deformation rate
tensor (s�1)

I9D9 mean value of the first invariant of deformation rate
tensor (s�1)

Fig. 12. The effect of cooling air temperature, Tair, melt/die temperature, Tmelt(die), and rupture stress, smax on the film blowing stability window size (a), (c), (e) and

maximum/minimum attainable film thickness (b), (d), (f).
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IID second invariant of deformation rate tensor (
IID mean value of the second invariant of deform

tensor (s�2)
IIID third invariant of deformation rate tensor (s�

IIID mean value of the third invariant of deform
tensor (s�3)

I potential energy functional (N)
J bubble compliance (Pa�1)
L freezeline height (m)
_m mass flow rate (kg s�1)

n power law index (1)

R0 die radius (m)
Rm curvature radius in the machine direction (m)
Rt curvature radius in the transverse direction (m)
rf bubble radius at the freezeline height (m)
r(x) local bubble radius (m)
T local bubble temperature (1C)
Tair cooling air temperature (1C)
Tmelt/(die) melt/die temperature (1C)
Tr reference temperature (1C)
Ts average bubble temperature (1C)
Tsolid solidification (freezeline) temperature (1C)

ubble (m s�1)

s)
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p internal load (Pa m)
Q volumetric flow rate (m3 s�1)
R universal gas constant (J K�1 mol�1)
s�2)
ation rate

3)
ation rate

TR thickness reduction (1)
TUR take-up ratio (1)
V bubble volume (m3)
v(x), v local film velocity (m s�1)
vd bubble velocity at the die exit (m s�1)
vf bubble velocity at the freezeline (m s�1)
v mean value of bubble velocity along the b
x particular distance from the die exit (m)
y(x), y local bubble radius (m)

Greek symbols

a generalized Newtonian model parameter (
a0 Zatloukal–Vlcek model function (1)
b generalized Newtonian model parameter (
Dp internal bubble pressure (Pa)
Dpmin minimum internal bubble pressure (Pa)
Dpmax maximum internal bubble pressure (Pa)
_e1 extensional rate in machine direction (s�1

_e2 extensional rate in thickness direction (s�

_e3 extensional rate in circumferential directio
_e1 mean value of extensional rate in mach

(s�1)
_e2 mean value of extensional rate in thickn

(s�1)
_e3 mean value of extensional rate in ci

direction (s�1)
z generalized Newtonian model parameter (
Z viscosity (Pa s)

6

C

levels of the
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Zinput input Newtonian viscosity (Pa s)
Z0 Newtonian viscosity (Pa s)
Z average bubble viscosity (Pa s)
Y bubble angle (deg.)
l relaxation time (s)

l1 Lagrange multiplier (Pa)
p Ludolf’s number (1)
smax rupture stress (maximum value) (Pa)
smin rupture stress (minimum value) (Pa)
s11 total stress tensor in machine direction (Pa)

Fig. 16. The effect of Newtonian viscosity, Z0, flow activation energy, Ea, and power law index, n, on the film blowing stability window size (a), (c), (e) and maximum/

minimum attainable film thickness (b), (d), (f).
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s33 total stress tensor in circumferential direction (Pa)
t extra stress tensor (Pa)
t11 extra stress in the machine directions (Pa)
t22 extra stress in the thickness directions (Pa)
j Zatloukal–Vlcek model function (1)
c generalized Newtonian model parameter (1)

Table 3
Summary of the calculated data in Fig. 5 for the internal bubble pressure effect

analysis (Dp¼150 Pa).

Point A B C

BUR (dimensionless) 2.975 2.549 4.835

H1/H0 (dimensionless) 0.0036 0.2985 0.0308

Dp (Pa) 150 150 785

F (N) 8.154 1.997 20.652

L (m) 0.1143 0.1281 0.0779

r11 (MPa) 0.9447 0.0167 0.1660

r33 (MPa) 1.0000 0.0104 1.0000

TUR (dimensionless) 93.09 1.31 6.73

TR (dimensionless) 276.78 3.35 32.51

Table 4
Summary of the calculated data in Fig. 6 for the heat transfer coefficient effect

analysis (HTC¼50 W m�2 K�1).

Point A B C D

BUR (dimensionless) 2.490 1.856 4.995 3.018
H1/H0 (dimensionless) 0.0033 0.4217 0.0294 0.0032
Dp (Pa) 85 85 725 130
F (N) 6.686 1.151 20.343 7.810
L (m) 0.1374 0.1679 0.0799 0.1193
r11 (MPa) 1.0000 0.0158 0.1638 1.0000
r33 (MPa) 0.5137 0.0030 1.0000 1.0000
TUR (dimensionless) 120.51 1.28 6.83 104.71
TR (dimensionless) 299.96 2.37 34.06 315.97

Table 5
Summary of the calculated data in Fig. 7 for the mass flow rate effect analysis

( _m¼7.2 kg h�1).

Point A B C D

BUR (dimensionless) 4.254 4.086 6.781 4.321
H1/H0 (dimensionless) 0.0031 0.1585 0.0218 0.0031
Dp (Pa) 85 85 396 88
F (N) 10.296 3.263 22.381 10.446
L (m) 0.1730 0.1788 0.1168 0.1709
r11 (MPa) 1.0000 0.0217 0.1898 1.0000
r33 (MPa) 0.9453 0.0177 1.0000 1.0000
TUR (dimensionless) 75.96 1.54 6.79 75.02
TR (dimensionless) 322.91 6.31 45.93 323.89

Table 6
Summary of the calculated data in Fig. 9 for the cooling air temperature effect

analysis (Tair¼40 1C).

Point A B C D

BUR (dimensionless) 2.990 2.847 5.414 3.257

H1/H0 (dimensionless) 0.0028 0.2512 0.0257 0.0027

Dp (Pa) 85 85 585 103

F (N) 6.821 1.564 19.326 7.334

L (m) 0.1374 0.1425 0.0855 0.1288

r11 (MPa) 1.0000 0.0125 0.1593 1.0000

r33 (MPa) 0.7407 0.0078 1.0000 1.0000

TUR (dimensionless) 120.52 1.40 7.20 112.98

TR (dimensionless) 360.09 3.98 38.98 367.63

Table 7
Summary of the calculated data in Fig. 10 for the melt/die temperature effect

analysis (Tmelt(die)¼155 1C).

Point A B C

BUR (dimensionless) 3.209 2.980 5.106
H1/H0 (dimensionless) 0.0022 0.2344 0.0159
Dp (Pa) 85 85 585
F (N) 4.969 1.338 11.979
L (m) 0.1228 0.1299 0.0847
r11 (MPa) 0.9374 0.0106 0.1759
r33 (MPa) 1.0000 0.0088 1.0000
TUR (dimensionless) 141.27 1.43 12.31
TR (dimensionless) 452.99 4.27 62.76

Table 8
Summary of the calculated data in Fig. 11 for the rupture stress effect analysis

(smax¼1.0 MPa).

Point A B C D

BUR (dimensionless) 2.309 1.681 4.835 2.927

H1/H0 (dimensionless) 0.0036 0.4732 0.0308 0.0034

Dp (Pa) 85 85 785 142

F (N) 6.627 1.016 20.652 7.998

L (m) 0.1374 0.1695 0.0780 0.1157

r11 (MPa) 1.0000 0.0159 0.1660 1.0000

r33 (MPa) 0.4417 0.0024 1.0000 1.0000

TUR (dimensionless) 120.51 1.26 6.73 101.59

TR (dimensionless) 278.10 2.11 32.51 297.31

Table 9
Summary of the calculated data in Fig. 13 for the Newtonian viscosity effect

analysis (Z0¼1.5.Zinput).

Point A B C D

BUR (dimensionless) 1.616 1.416 4.582 2.927

H1/H0 (dimensionless) 0.0082 0.5957 0.0366 0.0067

Dp (Pa) 85 85 985 283

F (N) 9.202 0.834 24.869 14.010

L (m) 0.1738 0.1882 0.0814 0.1157

r11 (MPa) 1.0000 0.0185 0.2020 1.0000

r33 (MPa) 0.1353 0.0016 1.0000 1.0000

TUR (dimensionless) 75.34 1.18 5.98 51.02

TR (dimensionless) 121.64 1.68 27.34 149.33

Table 10
Summary of the calculated data in Fig. 14 for the flow activation energy effect

analysis (Ea¼50 kJ mol�1).

Point A B C

BUR (dimensionless) 3.049 2.465 4.964

H1/H0 (dimensionless) 0.0021 0.3162 0.0206

Dp (Pa) 85 85 513

F (N) 5.511 1.202 14.780

L (m) 0.1123 0.1312 0.0762

r11 (MPa) 0.8674 0.0097 0.1507

r33 (MPa) 1.0000 0.0054 1.0000

TUR (dimensionless) 156.46 1.28 9.77

TR (dimensionless) 476.82 3.16 48.48

Table 11
Summary of the calculated data in Fig. 15 for the power law index effect analysis

(n¼0.5).

Point A B C D

BUR (dimensionless) 1.529 1.640 4.704 2.927

H1/H0 (dimensionless) 0.0093 0.4843 0.0331 0.0073

Dp (Pa) 85 85 868 308

F (N) 9.636 1.021 22.397 15.006

L (m) 0.1797 0.1722 0.0997 0.1158

r11 (MPa) 1.0000 0.0164 0.1835 1.0000

r33 (MPa) 0.1133 0.0023 1.0000 1.0000

TUR (dimensionless) 70.38 1.26 6.43 46.82

TR (dimensionless) 107.57 2.06 30.24 136.94
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 ABSTRACT 

The effect of polyolefin extensional rheology on the film blowing stability and 

minimum achievable final film thickness has been investigated experimentally as well 

as theoretically utilizing variational principle model for the film blowing operation. It 

has been revealed experimentally as well as theoretically that the relationship between 

film blowing stability window size (and/or minimum achievable final film thickness) 

and the extensional strain hardening is non-monotonic in character i.e. there is 

existence of the optimal values for both variables to reach maximum stability window 

size and/or the smallest minimum achievable final film thickness. 

 

 

 

 

 

 

 

 

 

Keywords: Blown film stability, metallocene LLDPE, long chain branching, 

extensional viscosity, melt strength. 
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 INTRODUCTION 

The most common film production process is film blowing. The film blowing 

process is characterized by a high production of thin biaxially oriented thermoplastic 

polymer films applicable as high quality films (e.g. separators for Li-ion batteries, 

food packaging, medical films) or as daily used film products (e.g. grocery sacks, 

wrapping foils, garbage bags). Typical film blowing materials of such thin films are 

polyethylene, polypropylene, polystyrene and polyamide [1-3]. 

In this process, the polymer melt is extruded through an annular die to a rising 

continuous tube which is cooled by an air ring and is simultaneously axially stretched 

and circumferentially inflated by the take-up force, F, and the internal bubble pressure, 

p, respectively, until the freezeline height is reached. Once past the freezeline a stable 

bubble of a fixed diameter is created, as can be seen in Figure 1. 

The film blowing process is mostly characterized by the following referred 

terminology. The freezeline height, L, defined as a ring shaped zone of frosty 

appearance located at the point where the resin solidifies, caused by a reduction in film 

temperature below the melting point of the resin [2]. Thus, the freezeline height 

represents transition between the liquid and solid phases where no bubble deformation 

above this height is assumed, as can be seen in Figure 2. The blow-up ratio, BUR, is 

defined as a ratio of the final bubble diameter, D1, at the freezeline height to the die 

diameter, D0, which usually varies from 1 to 5 and influences mainly the melt 

stretching in the transverse direction. The take-up ratio, TUR, is expressed as a ratio 

between the film velocity above the freezeline height, vf, and melt velocity at the die 

exit, vd, which is usually kept between 5 and 40 in order to control the melt stretching 

in the axial machine direction. The thickness reduction, TR, defined as the ratio of the 

die gap, H0, to the final film thickness, H1, is typically in the range of 20 to 200 [4,5]. 

The main goal of the film blowing process is to produce a stable film with good 

physical and optical properties at a maximum production rate. However, during the 

film blowing process, different types of bubble instabilities can take place (see     

Figure 3) which leads to time dependent bubble shape variation (film thickness and 

diameter) between the die exit and freezeline height causing creation of nonuniform 

film [6-9]. These instabilities leads to producing large amounts of film scrap, reduction 
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of film production-rate and film of inferior quality (nonuniform mechanical/optical 

properties). The most popular bubble stabilization methods consist in proper: set-up of 

screw and nip rolls speed, adjustment of air ring, height of freeze line, melt 

temperature, die design and material properties [1, 5, 10-11].  

It is well known, that in the film blowing process the elongational flow plays a 

dominant role. Thus, stability of the film blowing process is also influenced by the 

relationship between the elongational viscosity and polymer melt strength. In more 

detail, the elongational viscosity is influenced by the presence of long chain branching 

that leads to increases in the flow activation energy, melt strength, and extensional 

strain hardening behavior in elongational flow which ensures good bubble stability in 

the film blowing process [12-16]. 

Long chain branching in polyethylene, as the major polymer in the film blowing 

process, can be introduced in many different ways, such as peroxide addition, radiation 

treatment, finishing/stabilization and through an appropriate choice of polymerization 

conditions [15]. Nowadays, the most ideal material used in film blowing processes is 

branched low-density polyethylene (LDPE). Its high use is associated with a high 

output rate, low cost, high clarity, high melt strength, flexibility, toughness and 

excellent bubble stability. On the other hand, LDPE films have lower tensile strength 

and elongational at break compared to linear low-density polyethylene (LLDPE) films. 

LLDPE film has outstanding film puncture resistance and greater stiffness. However, 

LLDPE film production is characterized by the low extruder outputs and has a 

tendency to be less stable in film blowing processes due to its low elongational 

viscosity associated with linear structure of its macromolecules. To overcome these 

problems, blending LDPE and LLDPE is performed in order to optimize the film 

blowing process, i.e. to achieve the most economic processing and desired film 

properties. Finally, recently developed metallocene catalyst polymerization process 

enables production of metallocene polyethylene (mPE) with very precise control over 

molecular structure, such as molecular weight distribution, comonomer content and its 

distribution and long-chain branches. There is therefore potential of polymerizing 

tailored polymers which are more suited the film blowing process as well as 
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optimizing the film structure in order to achieve required final film properties          

[13-15, 17-18]. 

Rheological properties of polymer melts as well as stability of the film blowing 

process are significantly influenced by the presence of long chain branching. 

Investigation of the relationship between the process stability and the elongational 

rheology behavior can be worthwhile. In 1977, Han and Shetty [19] experimentally 

studied the effect of processing variables (internal bubble pressure and take-up speed) 

on process stability of LDPE and HDPE films. They found that stability of the film 

blowing process is enhanced by an increase in elongational viscosity. In 1982, Speed 

[20-21] observed that increase in melt strength of LLDPE by blending of LDPE causes 

an improvement in bubble stability as well as lower haze. He also found that physical 

properties of LDPE film can be improved by blending LLDPE into LDPE. 

Comparison of different polyethylene molecular structures and bubble stability was 

summarized in the comprehensive experimental studies of Kanai and White [22], 

Minoshima and White [23] and White and Yamane [24]. It was shown, that the long 

chain branched polyethylenes (LDPEs) produce the most stable bubbles. On the other 

hand, the broader distribution linear polyethylenes (HDPEs) are less stable and the 

narrower molecular weight distribution polyethylenes (HDPEs and LLDPEs) are the 

most unstable during the film blowing process. Thus, the strain hardening behavior of 

LDPE in elongational flow plays major role in process stabilization. Fleissner [25] 

noted that bubble stability is related to rheological properties in elongation 

corroborating the previous result of Han and Shetty, i.e. process stability is enhanced 

by the strain hardening behavior. Ghijsels et al. [26] investigated the melt strength 

behavior of polyethylenes in relation to bubble stability in the film blowing process. 

He observed that high polymer melt strength (LDPE) ensures good bubble stability in 

contrast to LLDPEs and low molecular weight HDPEs. In this work, it was also stated 

that the melt strength is influenced by the molecular weight and the long chain 

branching. Sweeney et al. [27] analyzed bubble instability by a noncontact           

video-camera technique and in their work verified that long chain branching enables 

wider stable processing window of polyethylenes when blending up 5% LDPE in 

LLDPE. Obijeski and Pruitt [28] also noted an improvement of the bubble stability 
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when LLDPE is blended with LDPE. In 1996, Sukhadia [15] stated that increasing 

long chain branching level leads to decreasing film impact strength as well as film tear 

strength in transverse direction. Moreover, it was found that due to the very high long 

chain branching level, there is no possibility to achieve thin films during the film 

blowing process. The good correlation between the increasing strain hardening 

characteristics and greater processing window at increased temperature was found for 

LLDPE-rich blends by Micic et al. [18]. It was also concluded that elongational 

viscosity is a major factor in terms of predicting the bubble stability as a function of 

temperature. Field et al. [14] introduced importance of the macromolecular structure of 

the parent polymers and melt morphology (miscibility) on the film blowing process 

stability. Further, the experimentally measured increase in melt strength of 

LLDPE/LDPE blends showed very strong agreement with increasing bubble stability. 

In 2003, Kim et al. [29] studied effect of long chain branching level and width of 

molecular weight distribution (MWD) on bubble instabilities. In this experiment, 

metallocene and Ziegler-Natta catalyzed polyethylenes were used. It was revealed that 

branched metallocene catalyzed polyethylenes of a certain level of long chain 

branching leads to better bubble stability than polyethylenes with broad MWDs, i.e. 

long chain branching has higher stability effect than the broadening of the MWD. In 

2005, Münstedt et al. [30] performed laboratory experiments on seven samples of 

polyethylenes (LDPE, LLDPE, mLLDPE) with different strain hardening behavior. It 

was found that increase in elongational viscosity causes an increase in take-up force 

and decrease in film blowing instabilities intensity. It was also observed that the 

homogeneity of film thickness is achieved due to the presence of strain hardening in 

the uniaxial elongational experiments. Finally, they concluded that knowledge about 

correlations between the molecular structure and strain hardening can play an 

important role in optimizing film blowing materials. In 2009, Zullo and Iannace [31] 

studied the film blowing of biodegradable films based on thermoplastic starch. In more 

detail, the material compositions and the technological procedures for preparing such 

films were investigated. Then, a composition based on high-amylose starch 

thermoplasticized with 30% of urea/formamide was found as the most suitable 

material for film blowing process due to its high elongation viscosity, melt 
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deformability and strain hardening behavior. In 2010, Oliviero et al. [32] investigated 

thermoplastic blown films processed from commercial zein (a cereal protein extracted 

from maize). It was revealed, that only samples having a pronounced strain hardening 

behavior and a large content of -helices are able to produce a stable blown film. 

Improvement of process stability and polypropylene film properties was investigated 

by Auinger and Stadlbauer [33] in 2010. In this work, three polypropylene grades 

blended with two different high melt strength polypropylene grades were used. 

Enhanced output, bubble stability and mechanical properties were observed due to the 

addition of high melt strength polypropylene grades increasing the strain hardening 

index.  

  

It is evident that the role of the extensional viscosity, strain hardening and the melt 

strength on the film blowing stability has been extensively investigated for different 

polymer systems. However the positive role of these rheological parameters on the 

reduction of the film blowing instabilities and minimum achievable final film 

thickness is still not fully understood yet. In order to elucidate the role of these 

rheological parameters on the film blowing process in more detail, variational 

principle based film blowing model [5,34-35] and laboratory film blowing line 

utilizing three metallocene based LLDPEs (chemically identical with different level of 

long chain branching) have been used.  
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 MATHEMATICAL MODELING 

 Zatloukal-Vlcek Formulation 

The variational principle based Zatloukal-Vlcek formulation [34] describes a stable 

film blowing process as a state when the bubble shape satisfies minimum energy 

requirements. The bubble shape is described by a set of simple analytical equations 

(see Table 1) utilizing four physical parameters: freezeline height, L, bubble curvature, 

pJ (which is given by membrane compliance, J, and the internal load, p), the inner die 

radius, R0 and the blow-up ratio, BUR. It should be mentioned that the equations 

describing the freezeline height (Eq. (7)) and temperature profile (Eq. (8)) have been 

derived in [35] from the cross-sectionally averaged energy equation [36] neglecting 

axial conduction, dissipation, radiation effects and crystallization. The particular 

symbols with respect to model equations summarized in Table 1 have the following 

meaning: Cp represents the specific heat capacity, HTC is the heat transfer coefficient, 

m  is the mass flow rate, Tmelt(die) represent the die exit melt temperature, Tsolid is the 

solidification temperature and Tair is the cooling air temperature. Parameter φ is 

defined according to Table 2 where a parameter A is defined by Eq. (4). 

 

 Constitutive Equation 

Non-Newtonian behavior of the polymer melt is taken into account through the 

constitutive equation derived from the generalized Newtonian model as recently 

proposed in [37]:  

DIII,II,I 





 DDD2   (9) 

where   is the extra stress tensor, D represents the deformation rate tensor and  

stands for the viscosity which varies with the first invariant of the absolute value of 

deformation rate tensor  DtrI D , (where D  is defined as the square root of  D2) 

as well as on the second  2
D 2 DtrII  , and third,  DdetIII D , invariants of D 

according to Eq. (10)  

       DDDDDD

D
1

1DDD
III,II,IfIII,II,If IIAIII,II,I    (10) 
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where  DII  is given by the well known Carreau-Yasuda model, Eq. (11) and 

 DDD III,II,If  is given by Eq. (12) 
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In these equations, 0, , a, n, α, , , A1 represent adjustable parameters, whereas 

parameter ψ is equal to 20 (as suggested in [37]) and aT is temperature shift factor 

defined according to the Arrhenius equation: 
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1
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1

T.T.R

E
expa  (13) 

where Ea is the flow activation energy, R the universal gas constant, Tr the reference 

temperature and T is the local bubble temperature.  

 

It has been shown [35] that the equation for the bubble compliance J is defined in 

the following form: 

Q

vL
J

1
2

f
2

2  
   (14) 

where   and 1  represent the mean values of the melt viscosity ( 
L

dx
L 0

1  ) and the 

extensional rate ( 
L

dx
L 0

1

1   ), respectively, for the whole bubble and vf, is the 

velocity of the film at the freezeline (
10

f 2 BURHR

Q
v


 ) defined by Eq. (15) where x=L. 

 

 Continuity Equation 

     xvxhxyQ 2    (15) 
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In this equation, Q represents the volumetric flow rate, y(x), the radius of the 

bubble, h(x), the thickness of the film and v(x) is the film velocity, all as functions of 

the distance from the die, x. 

 

 Velocity Profile 

    





























 
L

dx'y
yQ

yBURRpF'y
expvv

0

222
0

2

d 2

1

4

1




 (16) 

Note that the Eq. (16) for the velocity profile along the bubble rises from the 

Pearson and Petrie [38] force balance in the vertical direction (gravity and upward 

force due to the airflow are neglected) as shown in [35]. 

 

 Stability Contours Determination 

In this work, the stability processing window is defined as the closed area in the 

figure at which the relative final film thickness, H1/H0, (film thickness at the freezeline 

height divided by the film thickness at the die) is plotted as a function of the blow-up 

ratio, BUR (see Figure 4 as an example). The film blowing process is viewed here as 

unstable if the process does not satisfy minimum energy requirements [34] (A<-1 

where A is defined by Eq. (4)) or if the film stress in the machine ( 11) or 

circumferential ( 33) direction reach the rupture stress σmax. A typical stability 

processing window for a particular internal bubble pressure range  max0 p;p   is 

depicted in Figure 4. It should be mentioned that the both stresses are calculated 

according to the Pearson and Petrie formulation [38] as  
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where tR  and mR  are the curvature radius in the transverse and machine direction, 

respectively. The presented curvature radii have the form 



87 
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The  cos term in Eqs. (19) and (20) is calculated as: 
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 Numerical Scheme 

In this work, a recently proposed stable numerical scheme has been used to solve all 

above equations for both, film blowing process modeling (see Figure 5, left branch) 

and stability diagram determination (see Figure 5, right branch). More detailed 

information is provided in [35]. 

 
 

 Theoretical Investigation of Film Blowing Stability 

The above described film blowing model has been utilized in order to theoretically 

investigate the effect of uniaxial extensional strain hardening and melt strength, σmax, 

on the film blowing process stability. This theoretical stability analysis was examined 

for particular processing/material parameters summarized in Table 3, taken from the 

work of Tas [39] for LDPE L8 sample, experiment no. 23, i.e. for the material and 

processing conditions for which the utilized film blowing model correctly predicts 

basic film blowing parameters such as internal bubble pressure, take-up force, bubble 

shape, velocity and temperature profiles as shown in our previous work [35]. In this 

work, the level of uniaxial extensional strain hardening is characterized as the 

maximum steady-state uniaxial extensional viscosity, ηE,max, normalized by the 

Trouton viscosity 3η0, and its value is controlled by the ζ parameter in the utilized 

generalized Newtonian law (Eqs. (9)-(13)), see Figure 6. The numerical film blowing 

stability analysis has been performed for the range of uniaxial extensional strain 
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hardening, 36580
3 0

maxE, .;



 i.e. 800 .; , and melt strength, 3020max ;. MPa 

(which are typical for polyolefins [40-42]) in the following way. Firstly, stability 

processing windows has been generated for the varied
0

maxE,

3


, i.e. 800 .; , but fixed 

σmax value (see Figure 7 for the example) and the minimum achievable film thickness 

has been recorded for the each case. Secondly, the stability window sizes have been 

determined for each ζ value as the area of the corresponding stability processing 

window. Finally, the above described procedure has been repeated for all considered 

max values. 

Based on the performed film blowing stability analysis summarized in Figures 6-15 

and Tables 3-6, it has been revealed that there are three different flow regimes 

depending on σmax and 
0

maxE,

3


values: the stable film blowing process does not exist 

because σmax is too low (Regime I); the film blowing stability as well as minimum 

achievable final film thickness (for increased value of  
0

maxE,

3


), can be enhanced if the 

σmax increases significantly (Regime II) or σmax is increasing, remaining constant or 

even weakly decreasing (Regime III). Both the latter flow regimes are clearly 

visualized in the form of iso-stability and iso-minimum final film thickness contour 

maps depicted in Figures 9-10 and Figures 13-14 respectively. It should be noted that 

in practice, the increase in σmax of the polymer melt, as a consequence of  introducing 

short/long chain branching, leads to an increase in 
0

maxE,

3


 too [43-49] and thus increase 

in both variables has to be considered during interpretation of the stability diagrams. 

Theoretical predictions depicted in Figures 6-15 reveals that the most effective way to 

increase the film blowing stability and/or to decrease minimum achievable final film 

thickness is to significantly increase σmax at small increase in 
0

maxE,

3


. However, if the 

increase in 
0

maxE,

3


 becomes very high (at rather small increase in σmax), the                

film blowing stability starts to decrease (followed by minimum achievable final film 
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thickness increase) and the relationship between the film blowing stability (minimum 

achievable final film thickness) and 
0

maxE,

3


 (for given range of σmax) becomes           

non-monotonic. The exact relationship between the melt strength and 
0

maxE,

3


 to keep 

the film blowing stability (or minimum achievable film thickness) constant in Regime 

II can be approximated by the following equation as shown in Figures 11 and 15:   
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E
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
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where 'A , 'B  and 'C  are constants which are summarized in Tables 4-6.  

Interestingly, there is very narrow range of 
0

maxE,

3


, σmax pairs (Regime III in  

Figures 10 and 14), at which simultaneous increase in both σmax and 
0

maxE,

3


 increases 

the film blowing stability and/or decreases minimum achievable final film thickness. 

Moreover, there is always a minimum σmax value for the given 
0

maxE,

3


 at which the 

film blowing stability is the highest or at which the minimum achievable final film 

thickness is the smallest. Such values are given by the boundary line between          

Regime II and Regime III which is determined by the iso-stability and iso-thickness 

contour minima depicted in Figures 10 and 14. The boundary lines can also be 

approximated by the Eq. (22) as shown in Figures 11 and 15. 

Thus, it can be concluded that the most interesting result from the performed 

theoretical film blowing stability analysis is the finding that the relationship between 

film blowing stability window size (and/or minimum achievable final film thickness) 

and the extensional strain hardening (for given range of melt strengths) has             

non-monotonic character i.e. there exists some optimal values for which both variables 

reach maximum stability window size and/or the smallest minimum achievable final 

film thickness. In order to check the validity of the obtained theoretical findings, an 

additional experimental work followed by corresponding theoretical analysis described 

bellow has been done. 
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 EXPERIMENTAL 

 Materials 

In this work, three metallocene based LLDPEs (with chemically identical structure) 

having different level of the LCB were considered for the experiments on the film 

blowing line. The grades are referred to as mLLDPE low (virtually linear structure), 

mLLDPE middle (low level of LCB) and mLLDPE high (high level of LCB). The 

frequency dependent linear viscoleastic properties (storage modulus G’, loss modulus 

G’’), of these three materials were measured with use of the Advanced Rheometric 

Expansion System (ARES 2000) Rheometrics rheometer. The transient uniaxial 

extensional viscosity of each melt was measured using the ARES 2000 rheometer 

equipped with the SER Universal Testing Platform (SER-HV-A01 model) from 

Xpansion Instruments [50-52]. 

The comparison between frequency dependent complex viscosity for all three 

samples is given in Figure 16. Clearly, the increase in the LCB slightly increases the 

Newtonian viscosity, however, at higher shear rates the viscosity for all three materials 

becomes almost identical. Data in Figure 17 clearly show that there is significantly 

greater difference in the measured frequency dependent recoverable shear between all 

three materials. It shows that recoverable shear (defined here as 
ωη

G
*


) increases with 

increasing level of LCB especially at low frequencies, which is in agreement with the 

open literature [53]. Finally, the extensional viscosity data in Figure 18 show that 

increase in the LCB leads to strain hardening behavior and higher melt strength. These 

have been determined according to Eq. (23) and summarized in Table 7 for all samples 

as the mean value of the extensional strain dependent melt strength determined at 

different extensional strain rates (0.1s-1-10s-1). 

  







df


max

min

max,ε
minmax

max

1  (23) 

where max  is mean value of the melt strength, εmin and εmax represents minimum and 

maximum extensional strain, respectively,  max,εf  is the melt strength vs. strain 

function. 
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In the next step, the ‘steady state’ extensional viscosity data were taken from the 

peaks appearing on the transient viscosity curves for corresponding extensional strain 

rates. Further, the generalized Newtonian law defined by Eqs. (9)-(12), has been used 

to fit extensional strain rate dependent extensional viscosity data for all three samples 

and the obtained model parameters have been summarized in Table 8. As can be seen 

in Figure 19, the utilized generalized Newtonian law has very high capability to 

describe the measured steady-state shear and uniaxial extensional viscosity data.    

 

 Film Blowing Experiment 

Pertinent film blowing processing parameters such as internal bubble pressure, Δp, 

volumetric flow rate, Q, die gap, H0, bubble radius at the die exit, R0, and freeze line 

height, L, were obtained from measurements on the film blowing line depicted in 

Figures 20a-20b. The processing equipment comprised of a Betol BC 38mm single 

screw extruder equipped with a Davis Standard model DSBMT barrier screw    

(Figures 20d-20e) and spiral mandrel die (Figure 20c) having six feeding channels. 

The outer die annulus was 75 mm in diameter and had a gap equal to 1.34 mm.         

In-house software has been developed to measure the profile of the bubble. Bubble 

images taken with a Pulnix PEC 2010 CCD camera are captured using a bt878 based 

capture card. The edges of the bubble are determined by a simple thresholding 

technique. As no easily locatable features exist on the film to enable scaling, the 

dimensions of the bubble are determined following a calibration stage that identifies 

the positions of four Light Emitting Diodes (LEDs). The position of the LEDs is 

shown in Figure 21. It should be mentioned that during all experiments, the freezeline 

height was kept to be constant as suggested in [16]. 
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 RESULTS AND DISCUSSION 

In the first step, the effect of the extensional strain hardening on the bubble 

shape/curvature and the take up force has been studied experimentally as well as 

theoretically by utilization of three previously characterized mLLDPEs having 

different LCB content. In order to create comparable processing conditions for all test 

samples, freezeline height and final film thickness (about 30 μm) have been kept 

virtually constant during the experiments. Theoretical film blowing process analysis 

has been conducted for each sample for the experimental die design (R0 = 0.03616 m, 

H0 = 0.00134 m) and process parameters (Δp, TUR, L, m , Tair) utilizing the numerical 

scheme depicted in Figure 5 (left branch). The experimental and model 

parameters/predictions are summarized in Table 8 and Table 9, respectively, and 

graphical comparison between actual, measured and predicted bubble shapes are 

provided in Figures 22-24. It is clear the model is capable of correctly predicting the 

bubble shape for all three studied polymer samples. Moreover, closer inspection of    

the Table 10 reveals that the model predicts an increase of the take-up force with the 

increasing level of the LCB, which is in good agreement with the open literature [30] 

because LCB increases the extensional strain hardening hence resistance to the 

extensional flow [24, 54-59]. This supports the physics behind the utilized variational 

principle based film blowing model. It is also interesting to mention that increase of 

LCB leads to both, bubble neck disappearance and decrease of the total bubble 

deformation/curvature (see Figures 22-24) which is quantified through the parameter 

pJ/R0 in Table 10. It should be noted that if pJ/R0 increases the total bubble 

deformation/curvature also increases (see Figure 5 in [34]). 

In the second step, film blowing stability analysis for linear and branched mLLDPE 

samples has been performed experimentally as well as theoretically (utilizing the 

numerical scheme depicted in Figure 5, right branch) in order to determine their 

processing windows. The main experimental results are depicted in Figure 25 where 

the experimentally determined stability diagrams (relative final film thickness at the 

freeze line vs. BUR) for linear and branched mLLDPEs are provided. The lines 

superimposed on Figure 25 demark areas of stable and unstable bubble. The areas 

above the lines are stable, while those below the lines are regions of bubble instability. 
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The experimental data clearly show that the branched mLLDPEs are much more stable 

compared to linear melts, i.e. branched mLLDPEs can be used to produce thinner film 

at a higher BUR. More importantly, these experimental results suggest that 

processibility of the mLLDPEs in film blowing process can be improved by increasing 

the content of LCB up to an optimum level. Increasing the LCB content beyond this 

level narrows the processing window for stable film production. 

The comparison between the measured and predicted stability contours are depicted 

in Figure 26. As it can be seen, there is quantitative as well as qualitative agreement 

between the predicted and experimentally determined film stability contours. This 

suggests that the predictive capabilities of the utilized model with respect to film 

blowing stability and minimum achievable final film thickness is very high and thus, 

conclusions arising from the theoretical study described above in chapter ‘Theoretical 

investigation of film blowing stability’ are generally applicable to explain 

experimentally observed non-monotonic relationship between the strain hardening 

(LCB) and film blowing stability/minimum achievable final film thickness. As it has 

been shown, the LCB increases not only melt strength but also melt extensional strain 

hardening which promotes easier stress rise in the film bubble during the processing. It 

seems that at low LCB level the melt strength increase becomes more effective than 

extensional viscosity increase and the bubble may become more stable. However, if 

the LCB is increased too much, the strain hardening can dominate over the 

concomitant melt strength increase to the extent that melt strength can no longer 

compensate the corresponding stress rise and the bubble becomes more easily unstable 

or bubble tear takes place. 

 

 

 

 



94 
 

 CONCLUSIONS  

It has been revealed experimentally as well as theoretically that the relationship 

between film blowing stability window size (and/or minimum achievable final film 

thickness) and extensional strain hardening is of non-monotonic character for a given 

range of melt strengths i.e. there exists some optimal values for both variables to reach 

maximum stability window size and/or the smallest minimum achievable final film 

thickness. 

Based on the theoretical investigation, it has been revealed that the film blowing 

stability increases (or minimum achievable film thickness decreases) if the melt 

strength increases with the increased 
0

maxE,

3


 more than according to the follow simple 

relationship: 'C'B'A 







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


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E

2
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E
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


 , where 'A , 'B  and 'C  are constants.  It also 

has been revealed that there is always some minimum melt strength value for the given 

0

maxE,

3


 at which the film blowing stability is maximized or at which the achievable 

final film thickness is at its minimum. 

It has been found that the utilized variational principle based model can describe 

quantitatively as well as qualitatively the experimentally determined film blowing 

stability contours for linear as well as branched mLLDPEs. 
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 LIST OF SYMBOLS 

A  Zatloukal-Vlcek model function 1 

'A   Iso-contour constant Pa 

A1  Generalized Newtonian model parameter 1 

a  Generalized Newtonian model parameter 1 

aT  Arrhenius temperature shift factor 1 

aTS  Mean value of the Arrhenius temperature shift factor aT 1 

'B   Iso-contour constant Pa 

BUR  Blow-up ratio 1 

'C   Iso-contour constant Pa 

Cp  Specific heat capacity J.kg-1.K-1 

D  Deformation rate tensor s-1 

D1  Bubble diameter at the freezeline height m 

D0  Bubble diameter at the die exit m 

dx  Element length in x direction m 

Ea  Flow activation energy J.mol-1 

F  Take-up force N 

Fcritical  Critical take-up force causing bubble rupture N 

G´  Storage modulus Pa 

G´´  Loss modulus Pa 

HTC  Heat transfer coefficient W.m-2.K-1 

H0  Bubble thickness at the die exit m 

H1  Bubble thickness at the freezeline height m 

h(x), h  Local film thickness m 

DI   First invariant of the absolute value of deformation rate 

tensor 

s-1 

DI  
 Mean value of the first invariant of deformation rate 

tensor 

s-1 

IID  Second invariant of deformation rate tensor s-2 

DII
 

 Mean value of the second invariant of deformation rate s-2 
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tensor 

IIID  Third invariants of deformation rate tensor s-3

DIII
 

 Mean value of the third invariant of deformation rate 

tensor 

s-3

J  Bubble compliance  Pa-1 

L  Freezeline height m 

m   Mass flow rate kg.s-1 

n  Power law index 1 

p  Internal load Pa·m 

pJ  Bubble curvature m 

Q  Volumetric flow rate m3·s-1 

R  Universal gas constant J·K-1mol-1 

R0  Inner die radius m 

Rm  Curvature radius in the machine direction m 

Rt  Curvature radius in the transverse direction m 

rf  Bubble radius at the freezeline height m 

r(x)  Local bubble radius m 

T  Local bubble temperature °C 

Tair  Cooling air temperature °C 

Tmelt/(die)  Die exit melt temperature °C 

Tr  Reference temperature °C 

Tsolid  Solidification (freezeline) temperature °C 

TR  Thickness reduction 1 

TUR  Take-up ratio 1 

v(x), v  Local film velocity  m·s-1 

vd  Bubble velocity at the die exit m·s-1 

vf
 

 Bubble velocity at the freezeline m·s-1 

x  Particular distance from the die exit m 

y(x), y  Local bubble radius m 
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GreekSymbols    

  Generalized Newtonian model parameter s 

α´  Zatloukal-Vlcek model function 1 

  Generalized Newtonian model parameter 1 

Δp  Internal bubble pressure Pa 

Δpinput  Input internal bubble pressure value Pa 

Δpmax  Maximum internal bubble pressure Pa 

Δpnew  Internal bubble pressure calculated in the current 

iteration step 

Pa 

Δpprevious  Internal bubble pressure calculated in the previous 

iteration step 

Pa 

   Extensional rate s-1 

1   Mean value of extensional rate in machine direction s-1 

max  Maximum extensional strain 1 

min  Minimum extensional strain 1 

  Generalized Newtonian model parameter (extensional 

strain hardening parameter) 

1 

  Viscosity Pa.s 

   Mean value of melt viscosity Pa.s 

*  Complex viscosity Pa.s 

ηE  Extensional viscosity Pa.s 

ηE,max  Maximum steady-state uniaxial extensional viscosity Pa.s 

 t
E   Time-dependent uniaxial extensional viscosity Pa.s 

ηnew  Viscosity calculated in the current iteration step Pa·s 

η0  Newtonian viscosity Pa·s 

ηprevious  Viscosity calculated in the previous iteration step Pa·s 

Θ  Bubble angle ° 

  Relaxation time  s 

π  Ludolf´s number 1 

  Rupture stress Pa 
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σmax  Rupture stress (maximum value) Pa 

max   Mean value of melt strength Pa 

σ11  Total stress tensor in machine direction Pa 

σ33  Total stress tensor in circumferential direction Pa 

τ  Extra stress tensor Pa 

φ  Zatloukal-Vlcek model function 1 

  Generalized Newtonian model parameter 1 

  Frequency rad.s-1
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Table 1. Summary of the Zatloukal-Vlcek film blowing model equations [5, 34, 35]. 

Equation  
type 

Equation form 
Equation 
number 

Bubble 
shape 

    pJ
L

x
BURRpJ

L

x
pJRy 
















sincos 00

 (1) 

Parameter  L;x 0  (2) 

Parameter 
 

0

0

0

00 12

BURRpJ

BURR

BURRpJ

BURRRpJ







  (3) 

Parameter 
0

0

BURRpJ

RpJ
A




  (4) 

Take-up 
force 2

2

J
L

F   (5) 

Internal 
bubble 
pressure 

  
 L

dxyy

pL
p

0

212
  

(6) 

Freezeline 
height 

 
 

        


cospJBURRsinRpJpJBURRpJHTC

TT

TT
lnCmL

















000

airsolid

airmelt(die)
p2

1


 
(7) 

Temperature 
profile 

   










 pJBURR

Cm

LHTC
expTTTT 0

p
airmelt(die)air

2 





 

 


































L

x
pJpJR

L

x
sin

L

x
cos 

01  
(8) 
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Table 2. Parameters A and φ for different bubble shapes (y) [34]. 

Equation A φ y 

1. 1 0 0R  

2. 0 < A < 1 








 
A

A
arctan

21  The form of Eq. (1). 

3. 0 π/2  














 BUR

L

x
sinR 1

2
10

  

4. -1 < A < 0 








 


A

A
arctan

21 The form of Eq. (1). 

5. -1 π  














 BURBUR

L

x
cos

R
11

2
0 
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Table 3. Film blowing model parameters used for theoretical stability analysis on 

Tas´s Ph.D. thesis data for LDPE L8 (experiment No. 23) [39]. 

Input parameters for the Zatloukal-Vlcek film blowing model 

L 
(m) 

m  
(kg.s-1) 

R0 
(m) 

H0 

(m) 
max 

(MPa) 

0.10 0.001 0.0178 0.0022 < 0.02 ; 3 > 

Parameters of the generalized Newtonian constitutive equation (A1 = 1, ψ = 20) 

η0 

(Pa.s) 
λ  

(s) 
a  
(-) 

n  
(-) 

α  
(s) 

  
(-) 

  
(-) 

2,365.0 0.17242 0.71597 0.37108 0.00001 9.21.10-7 < 0 ; 0.08 > 

Temperature parameters 

Tair 

(°C) 
Tsolid 

(°C) 
Tmelt(die) 

(°C) 
Tr 

(°C) 
Ea 

(J.mol-1) 
R 

(J.K-1·mol-1) 
Cp 

(J.kg-1.K-1) 

25 92 145 190 59,000 8.314 2,300 
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Table 4. Summarization of all adjustable parameters for approximation 

function given by Eq. (22) for different iso-stability contour values. 

Iso-stability 
contour 

(-) 

'A  
(Pa) 

'B  
(Pa) 

'C  
(Pa) 

0 -0.00037 0.00514 0.00123 

1 -0.00145 0.02342 0.00022 

2 -0.00293 0.05009 -0.02216 

3 -0.00435 0.08335 -0.04100 

4 -0.00748 0.13757 -0.07910 

5 -0.00521 0.18573 -0.11852 

6 -0.00500 0.26878 -0.18578 

7 -0.00845 0.41375 -0.31530 

8 -0.01116 0.58181 -0.46565 

9 0.01184 0.64295 -0.52178 

10 0.04323 0.71643 -0.58366 

11 0.10896 0.67803 -0.56856 

12 0.27358 0.31749 -0.27798 

13 0.48483 -0.11802 0.02696 

14 0.77460 -0.84009 0.65924 

15 1.16650 -1.75204 1.34118 

16 2.55162 -5.93888 4.68104 

17 4.54027 -11.94640 9.47660 

18 5.78796 -15.15831 11.76550 

19 9.73394 -29.67070 25.44699 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



110 
 

Table 5. Summarization of all adjustable parameters for approximation 

function given by Eq. (22) for different iso-minimum relative final film 

thickness contour values. 

Iso-minimum 
relative final film 
thickness contour 

(-) 

'A  
(Pa) 

'B  
(Pa) 

'C  
(Pa) 

1x10-1 -0.00114 0.02288 0.00326 

8x10-2 -0.00165 0.03198 -0.00233 

6x10-2 -0.00213 0.04696 -0.01483 

4x10-2 -0.00235 0.07419 -0.03184 

2x10-2 -0.00306 0.16710 -0.11404 

1x10-2 0.00702 0.28459 -0.23161 

8x10-3 0.01440 0.32997 -0.27437 

6x10-3 0.03785 0.33928 -0.29713 

4x10-3 0.08853 0.31743 -0.31595 

2x10-3 0.22363 0.21363 -0.31726 

1x10-3 0.51983 -0.24779 -0.12204 

8x10-4 0.62681 -0.44985 0.01988 

6x10-4 0.88881 -1.10415 0.49752 

4x10-4 1.10243 -1.33269 0.52463 

2x10-4 1.91737 -3.29791 1.95692 

1x10-4 5.85781 -15.90541 12.51535 

8x10-5 8.20777 -23.42111 18.64421 

6x10-5 12.39452 -38.22740 31.99265 
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Table 6. Summarization of all adjustable parameters for approximation 

function given by Eq. (22) for local extremes in iso-stability and       

iso-minimum relative final film thickness contour values. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Description 'A  
(Pa) 

'B  
(Pa) 

'C  
(Pa) 

Local extremes in      
iso-stability contours 

(-) 
4.27418 -5.85911 1.75994 

Local extremes in      
iso-minimum relative 
final film thickness 

contours 
(-) 

6.73714 -12.95280 6.36262 
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Table 7. Melt strength characteristics for all three tested polymer samples determined 

at 140oC. 

Material E 

(Pa.s) 
  

(1/s) 
 

(Pa) 
Time 

(s) 

Hencky 
strain 

(-) 

max   

(Pa) 

Linear 
mLLDPE 

38,106.92 10 381,069.17 0.48 4.8 

50,526.19 

36,850.90 3.16 116,448.83 1.42 4.4872 

36,686.18 1 36,686.18 4.765 4.765 

35,075.19 0.316 11,083.76 14.235 4.49826 

34,914.03 0.1 3,491.40 48.1 4.81 

Middle 
mLLDPE 

51,388.96 10 513,889.57 0.48 4.8 

168,990.28 

76,404.77 3.16 241,439.08 1.42 4.4872 

84,238.48 1 84,238.48 4.765 4.765 

96,682.60 0.316 30,551.70 14.235 4.49826 

67,998.61 0.1 6,799.86 50.8 5.08 

High  
mLLDPE 

69,919.05 10 699,190.48 0.48 4.8 

238,898.26 

104,058.37 3.16 328,824.46 1.42 4.4872 

135,458.95 1 135,458.95 4.765 4.765 

168,786.46 0.316 53,336.52 14.235 4.49826 

130,918.19 0.1 13,091.82 50.8 5.08 
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Table 8. Material parameters utilized in the film blowing 

stability analysis for all tested polymer samples. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Linear 
mLLDPE 

Middle 
mLLDPE 

High  
mLLDPE 

0 
(Pa.s) 

12,532.0 13,432.0 14,001.0 

λ 
(s) 

0.0319 0.0319 0.033 

a 
(-) 

0.853 0.853 0.8016 

n 
(-) 

0.13 0.1 0.1 

α 
(s) 

0.100249662 4.179239211 6.183603557 

β 
(-) 

3.407909759 3.255346092 3.090540474 

 
(-) 

99.987888 99.991273 99.965923 

A1 

(-) 
1,000.0 1,000.0 1,000.0 

 
(-) 

8 8 8 

Ea 

(J.mol-1) 
27,463.0 28,021.0 28,319.0 

max 

(Pa) 
50,526.19 168,990.28 238,898.26 

T(melt)die 

(°C) 
190 190 190 

Tsolid 

(°C) 
116 116 116 

Tr 

(°C) 
140 140 140 

Cp 

(J.kg-1.K-1) 
2,300 2,300 2,300 

R 
(J.K-1.mol-1) 

8.314 8.314 8.314 
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Table 9. Processing parameters utilized in the film blowing 

stability analysis for all tested polymer samples. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Linear 
mLLDPE 

Middle 
mLLDPE 

High  
mLLDPE 

p 
(Pa) 

155.979 147.15 95.157 

TUR 
(-) 

20.816 27.784 25.743 

L 
(m) 

0.09 0.099 0.1145 

m  
(kg.s-1) 

0.003258333 0.00223888 0.00385 

Tair 

(°C) 
25 25 25 
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Table 10. Film blowing model predictions.  

 
F 

(N) 
pJ/R0 

(-) 
BUR 

(-) 
HTC 

(W.m-2.K-1) 
p 

(Pa.m) 
Linear 

mLLDPE 
5.979 1.572012 2.14580 137.451 56.23177 

Middle 
mLLDPE 

6.968 1.407288 1.82 95.292 47.79762 

High 
mLLDPE 

11.306 1.245019 1.67912 143.648 30.48624 
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Figure1. Stable bubble formation during the film blowing process. 
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Figure 2. The film blowing process characterization. 
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Figure 3. Draw resonance and bubble tear instabilities affected by the forces, F, and 

Fcritical, respectively, where F < Fcritical. 
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Figure 4. Description of the stability processing window predicted by the      

Zatloukal-Vlcek model. 
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Figure 5. Iteration scheme of the Zatloukal-Vlcek model utilized for the film blowing 

process modeling (left branch) and film blowing stability analysis (right branch). 
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Figure 6. Effect of extensional strain hardening parameter ζ in the utilized generalized 

Newtonian model on the uniaxial extensional viscosity. 
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Figure 7. Predicted film blowing stability window shapes for different levels of the 

extensional strain hardening parameter ζ at constant melt strength, σmax = 1 MPa. 
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Figure 8. The effect of extensional strain hardening parameter ζ on the film blowing 

stability window size for given melt strength values, which are provided for the each 

curve in MPa.   
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Figure 9. Iso-stability contour map for the rupture stress vs. extensional strain 

hardening parameter dependence. Here, the iso-stability contour value is given by the 

film blowing stability window size. 
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Figure 10. Iso-stability contour map for the rupture stress vs. 
0

maxE,

3


 dependence. Here, 

the iso-stability contour value is given by the film blowing stability window size. 
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Figure 11. Comparison between the numerically determined iso-stability contour map 

for the rupture stress vs. 
0

maxE,

3


 dependence (open symbols) and approximation 

function given by Eq. (22) and parameters summarized in Tables 4 and 6. Here, the 

iso-stability contour value is given by the film blowing stability window size. 
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Figure 12. The effect of extensional strain hardening parameter ζ on the minimum 

achievable relative final film thickness for given melt strength values, which are 

provided for the each curve in MPa. 
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Figure 13. Iso-minimum relative final film thickness contour map for the rupture 

stress vs. extensional strain hardening ζ parameter dependence. Here, the iso-minimum 

relative final film thickness contour value is given by the H1/H0 ratio. 
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Figure 14. Iso-minimum relative final film thickness contour map for the rupture 

stress vs. 
0

maxE,

3


 dependence. Here, the iso-minimum relative final film thickness 

contour value is given by the H1/H0 ratio. 
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Figure 15. Comparison between the numerically determined iso-minimum relative 

final film thickness contour map for the rupture stress vs. 
0

maxE,

3


 dependence (open 

symbols) and approximation function given by Eq. (22) and parameters summarized in 

Tables 5 and 6. Here, the iso-minimum relative final film thickness contour value is 

given by the H1/H0 ratio. 
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Figure 16. Complex viscosity data for three mLLDPEs having different levels of long 

chain branching obtained experimentally by ARES rotational rheometer at 140oC. 
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Figure 17. Recoverable shear data for three mLLDPEs having different levels of long 

chain branching obtained experimentally by ARES rotational rheometer at 140oC. 
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Figure 18. Time-dependent uniaxial extensional viscosity  t
E  data for three 

mLLDPEs having different levels of long chain branching obtained by SER at 140oC. 
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Figure 19. Comparison between the utilized generalized Newtonian model fits (solid 

lines) and measured shear and steady uniaxial extensional viscosities for all tested 

polymer samples.     
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Figure 20. Film blowing experimental set-up. 20a) General view of the experimental 

film blowing line; 20b) Closer view of the film blowing die; 20c) Used spiral 

mandrel; 20d) DSBMT barrier screw with a 24:1 L/D and barrier flighted with    

spiral Maddox mixer; 20e) Detail picture of the Maddox mixer (egan type). 
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Figure 21. Schematic of the experimental setup for the film blowing stability analysis. 
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Figure 22. Comparison between experimental data (open symbols) and the model 

prediction (solid line) for linear mLLDPE low. Processing conditions are summarized 

in Table 6. 
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Figure 23. Comparison between experimental data (open symbols) and the model 

prediction (solid line) for slightly branched mLLDPE middle. Processing conditions 

are summarized in Table 6. 
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Figure 24. Comparison between experimental data (open symbols) and the model 

prediction (solid line) for highly branched mLLDPE high. Processing conditions are 

summarized in Table 6. 
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Figure 25. The experimentally determined stability contours for both, linear            

and branched metallocene LLDPE samples (freezeline height 0.18m and            

temperature 190°C). 
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Figure 26. Comparison between experimentally determined stability points (full 

symbols) and theoretically predicted stability contours (solid lines). Processing 

parameters: freezeline height 0.18 m, cooling air temperature 25°C, linear mLLDPE 

mass flow rate 0.003258333 kg.s-1, middle mLLDPE mass flow rate 0.00223888 kg.s-1, 

high mLLDPE mass flow rate 0.00385 kg.s-1. 
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 ABSTRACT 

In this work, coextrusion experiments utilizing an industrial 9-layer            

Brampton Engineering coextrusion film blowing line for 

LDPE/LDPE/tie/PA6/EVOH/PA6/tie/LDPE/LDPE film production has been 

performed under different processing conditions (different air cooling intensity and 

mass flow rate) in order to evaluate variational principles based modeling approach for 

the multi-layer film blowing process. It has been revealed that the variational principle 

based model can describe the bubble shape and predict internal bubble pressure 

reasonably well for all applied processing conditions even if the multi-layer film has 

been viewed as the static elastic membrane characterized only by one material 

parameter - bubble compliance J, which was not allow to vary along the multi-layer 

bubble. 

 

 

 

 

 

 

 

 

Keywords: Variational principle, Coextrusion, Multi-layer film blowing, 

Polymer, Modeling. 
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 INTRODUCTION 

Production of thin polymer films is mostly introduced by the film blowing process. 

Although this process is widely used, the single layer films do not reach specific 

properties required especially in a food packaging industry, such as barrier properties 

(low permeability to oxygen or carbon dioxide), heat-seal ability, high film strength, 

printability, adhesion and low costs [1-2]. All these properties are easily and 

economically achievable in multi-layer films produced by coextrusion.  

In coextrusion (see Figure 1), two or more different polymer melts (having various 

rheological properties and temperatures) are extruded from individual extruders, 

through a coextrusion die, to a continuous tube which is cooled by an air ring and 

internal bubble cooling system, IBC, axially stretched by the take-up force, F, and 

circumferentially inflated by the internal bubble pressure, p, to required bubble 

dimensions. Then, above the freezeline height, the stable solidified bubble is folded by 

the collapsing frames and consequently drawn upward by the nip rolls to a wind-up 

roll. Then, the final lay-flat coextruded multi-layer film, which represents a 

combination of the best properties of each used polymers, can be applied for example 

in food packaging, medical and electronic industry. The most frequently used 

materials in coextrusion are polar barrier polymers, such as nylon (PA), ethylene vinyl 

alcohol (EVOH), polyvinyliden chloride (PVDC), and non-polar polyolefines, i.e. 

polyethylene (PE), polypropylene (PP), polystyrene (PS) [1-2]. 

In spite of a rapid growth of a blown film coextrusion in the last decades, the 

number of experimental and modeling studies of the multi-layer process is very 

limited. In 1978, Han and Shetty [3] experimentally and theoretically investigated 

blown film coextrusion of two polymers in various combinations, i.e. low density 

polyethylene (LDPE) with ethylene-vinyl acetate (EVA), LDPE with high density 

polyethylene (HDPE), LDPE with polypropylene (PP) and HDPE with EVA. Further, 

they performed a theoretical study where the experiment was theoretically analyzed by 

using a power-law non-Newtonian model included in a computational procedure 

predicting the number of layers, layer thickness and the volumetric flow rate compared 

with the experiment. Theoretical investigation of two-layer coextruded blown film was 

also studied by Yoon and Park [4] in 1992. In their work, considering isothermal 
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processing conditions, two film layers are described by a Newtonian and an        

Upper-Convected Maxwell fluid (UCM). In order to evaluate influence of viscous and 

viscoelastic forces on the flow mechanics of the process, the various flow rate ratio 

values of the fluids are applied for numerical determination of the bubble radius and 

the film thickness profiles. It was revealed, that in the case of the small relaxation time 

the flow mechanics of UCM layer is similar to a Newtonian single-layer. On the other 

hand, increasing relaxation time supports the viscoelasticity effect of the UCM layer 

leading to dominance of bubble dynamics. In 2000, Yoon and Park [5] performed a 

linear stability analysis of the above presented polymer system. It was observed that 

the critical film thickness decreases with increasing blow-up ratio which makes the 

process unstable. In more detail, in case of a Newtonian single-layer flow, there exists 

an upper unstable region where the bubble is unstable when the BUR is greater than a 

certain critical value. On the other hand by the presence of a thin viscoelastic layer this 

restriction can be removed resulting in enhanced stable area at higher values of BUR. 

In 2000, Stasiek [6] studied the heat transfer between three-layer blown film and 

cooling medium. In his work, mathematical model, estimating length of a cooling path 

and taking into account crystallization effect, was developed and used to describe the 

relationship between the temperature changes in each layer and the thermal energy. In 

2005, Elkoun et al. [7] investigated effect of composition and layout of layers on    

end-use properties of a coextruded LLDPE five-layer blown film. For coextruded 

structure, a conventional Ziegler-Natta LLDPE gas phase butene copolymer, an 

advanced Ziegler-Natta LLDPE solution octene copolymer, and a single site LLDPE 

solution octene copolymer were used and compared with mono-layer blended film. It 

was observed, that combination of the LLDPE butene and the single site LLDPE in a    

five-layer coextruded film reveals improved tear resistance due to a presence of 

interfacial transcrystalline layers. Further, combination of coextruded single site 

LLDPE and the Ziegler-Natta octane copolymers leads to enhanced tear strength, too. 

Finally, significant haze reduction, caused by placing the single site LLDPE on the 

outside layers of the multi-layer films, was observed. In 2005, Gamache et al. [8] 

performed experimental and theoretical study evaluating stresses in a two-layer 

coextruded blown film of LDPE, ultra low density polyethylene (ULDPE), 
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LDPE/ULDPE and ULDPE/LDPE. Then, the axial and transverse stresses were 

experimentally measured under various processing conditions, which were then 

successfully compared with theoretically calculated ones by the non-isothermal 

Newtonian model. In 2007, Gururajan and Ogale [9] studied effect of coextrusion on 

the orientation and morphology of the coextruded films of PP and LDPE by using 

Raman spectroscopy. In the case of multi-layer films, no significant difference in 

overall molecular orientation of PP and LDPE was found. On the other hand,       

single-layer LDPE films indicated existence of some row-nucleation of crystals which 

was not observed in the LDPE layer in coextruded film. In 2009, a 2-D model 

describing non-isothermal two-layer blown film process was developed by Xu and 

McHugh [10]. This model is based on the 1-D model of Henrichsen and McHugh [11] 

taking to account viscoelasticity and flow-enhanced crystallinity. The 2-D model 

presents numerical results showing influence of the rheological, thermal and 

crystallization properties on the crystallinity development and stresses in particular 

layers. It was observed, that the individual layers of the same materials contain 

significantly different stresses due to the temperature difference. Further, different 

material properties in a certain layer affect stresses and crystallinity in its own layer as 

well as in another layer through heat transfer. Finally, stresses and semi-crystalline 

phase orientation at the freezeline, i.e. final film properties, are affected by the layer 

arrangement.  

 

As can be seen from the literature overview, the number of theoretical studies of the 

multi-layer film blowing process is rather rare, considering maximally 3 layers and 

laboratorial processing conditions only due to extremely high mathematical              

and rheological complexity of the problem. Due to this, the multi-layer film blowing 

process for high number of layers and industrial processing conditions is not fully 

understood yet. Recently, it has been found that utilization of the variational principle 

based single-layer film blowing process modeling leads to very stable numerical 

schemes allowing qualitative as well as quantitative description of the experimental 

reality [12-17]. The main goal of this work is to investigate whether it is possible to 

utilize the variational principles based modeling approach for the multi-layer film 
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blowing process. For the model validation purposes, industrial 9 layer film blowing 

line has been utilized to produce multi-layer bubbles under different processing 

conditions.  
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 MATHEMATICAL MODELING 

 Zatloukal-Vlcek Formulation 

The variational principle based Zatloukal-Vlcek formulation [12] describes a stable 

film blowing process as a state when the bubble shape satisfies minimum energy 

requirements. In more detail, the bubble during blowing is viewed as a bended elastic 

membrane due to the internal load, p, and the take-up force, F, (see Figure 2), 

considering that the membrane potential energy, Ep, takes into account both, elastic 

strain energy increase and negative work done by the applied load: 

   
L

0

L

ydxpdxý
F

E
0

2
p 2

   (1)    

Having the bubble volume, 
L

dxyV
0

2 , as the main geometrical constrain, the 

equation for the bubble shape, y, can be derived through minimization of the potential 

energy functional, I, in the following form: 

   2
1

2

2

1
ypyyFI 



       (2)

 

i.e.,  y,y,xfI   where λ1 is the Lagrange multiplier. The functional I is minimized 

if the following equation is satisfied: 

0










y

I

xy

I
 (3) 

Eqs. (2) and (3) yield the following differential equation: 

0
1

 py
J

yF  (4) 

where J is the compliance of the membrane defined as positive constant taking the 

following form: 

12

1


J  (5) 

The following boundary conditions for the bubble shape can be considered: 

 
0



x

Lxy ,    00 Rxy   (6) 

and 
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  BURRLxy 0  (7) 

where R0 is the extrusion die radius, L the freezeline height, which represents 

transition between the liquid and solid phases where no bubble deformation above this 

height is assumed, BUR the blow-up ratio defined as a ratio of the final bubble 

diameter at the freezeline height to the die diameter and R0BUR is the bubble radius at 

the freeze line, i.e. x=L. Since above the freezing line there is no deformation, it can be 

assumed that y(x>L)=const.=y(x=L). It is not difficult to show (see reference [12] for 

detailed derivation) that the solution of Eq. (4), considering the above mentioned 

boundary conditions, takes the following form: 

    pJ
L

x
sinBURRpJ

L

x
cospJRy 






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







00 ,  L;x 0  (8) 

where the take-up force F is given by the following expression:  

2

2

J
L

F   (9) 

Here and A are given below and the value of φ(A) is calculated according to     

Table 1: 

 
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

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BURRpJ

RpJ
A



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The total number of parameters needed to describe the bubble shape, y, is equal to 

four (pJ, L, R0, BUR). It should be noted that the total deformation (curvature) of the 

bubble is determined according to the pJ/R0 value (dimensionless form of pJ 

expressing relationship between the external load, membrane compliance and 

deformation).  

According to [12], the internal bubble pressure and the take-up force for a 3D 

bubble can be directly calculated from parameters of the proposed model and the force 

balance by taking the 3D nature of a real bubble into account through following 

equations: 
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  
 L

dxyy

pL
p

0

212
  (12) 

FF total  (13) 

where the term    
L

dxyy
0

212  in Eq. (12) means the bubble surface and the term 

pL is the force acting in the thickness direction of the bubble, Fthickness.                  

Eq. (12) represents the calculation of the internal bubble pressure in such a way that 

the bubble is represented by an equivalent cylinder, which has the same surface as the 

real bubble. Force F in Eq. (13) is defined by Eq. (9).   
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 EXPERIMENTAL 

In this work, coextrusion experiments were carried out on an industrial 9-layer 

Brampton Engineering coextrusion film blowing line (Figure 3 and 4) equipped with a 

350 mm diameter flat spiral dies (R0 = 0.1626 m) with a die gap of 2.032 mm            

(H0 = 0.002032 m). During the process, the bubble was cooled by an air ring as well as 

by an internal bubble cooling system. The coextruded structure was 

LDPE/LDPE/tie/PA6/EVOH/PA6/tie/LDPE/LDPE with following layer thicknesses: 

17.5 % for LDPE, 5% for tie, 5% for PA6 and 10% for EVOH. In all experiments, the 

following parameters were kept to be constant: die exit temperature, Tdie = 250°C, 

overall film thickness (gauge), H1=100 m, (which corresponds to draw-down ratio 

DDR = 11.17), blow-up ratio, BUR = 1.8, and lay-flat film, 1000 mm. During the 

experimental work, firstly, different bubble cooling intensity was applied at the 

constant overall mass flow rate, 300 kg/h, (i.e. constant line speed 25.9 m/min) and 

secondly, overall mass flow rate was varied from 225 kg/h to 375 kg/h (i.e. from    

19.4 m/min to 32.3 m/min for the line speed) by keeping the bubble cooling intensity 

the same.  

For given processing conditions, the bubble shape was monitored by the            

EOS digital SLR photo camera Canon EOS 450D model (Canon, Inc., Japan) with 

resolution of 12.2 Mpx equipped with Canon lens EF-S 18-55mm f/3.5-5.6 IS whereas 

the average bubble temperature was measured by the heat gun, model camera: 

INFRACAMTM using calibration site FLIR SYSTEM, AB SWEDEN and 

corresponding software (ThermaCAM QuickReport 1.0). 
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 RESULTS AND DISCUSSION 

At the beginning, three unknown film blowing model parameters L, BUR and pJ 

(for the known die radius R0 = 0.1626 m) were determined by the last square 

minimization method through application of Eq. (8) on all experimentally obtained 

bubble shapes and they are summarized in Table 2. In order to calculate the take-up 

force and the internal bubble pressure for given processing conditions, p and J 

parameters were separated from the particular pJ value in the same way as described in 

[12] i.e. parameter J (which is viewed as constant characterizing the bubble 

compliance) was determined from pJ value for one reference processing conditions for 

which the load p was chosen to get equal predicted and measured internal bubble 

pressure. The reference processing conditions are provided in the second column of 

Table 2.  

The comparison between the experimentally determined bubble shape and internal 

bubble pressure for all tested processing conditions are summarized in Figures 5-8 and 

Table 2, respectively, and as it can be seen, the agreement between the measured data 

and model predictions is very good. In more detail, the model can describe the bubble 

shape and predict internal bubble pressure reasonably well for both, decreased freeze 

line height and the bubble curvature due to increased air cooling intensity or decreased 

mass flow rate under highly non-isothermal conditions, which are quantified through 

average bubble temperature measurements in Figures 9 and 10, even if the assumption 

about the constant bubble compliance J along the multi-layer bubble has been used. 

This suggests, that the variational principle based modeling approach proposed in [12] 

can be used and explored for the multi-layer film blowing process in the similar way 

as shown in [12] for single-layer film blowing process. Moreover, it is believed, that 

such theoretical approach can be used to understand complex heat transfer and 

crystallization effects occurring in multi-layer film blowing process resulting in highly 

non-linear average temperature profile along the multi-layer bubble, depicted in 

Figures 11 and 12 for the studied experimental conditions, which is not the case of the 

single-layer film blowing process at which the average temperature profile along the 

bubble is strictly linear as shown in [18-25].   
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 CONCLUSION 

In this work, coextrusion experiments utilizing an industrial 9-layer             

Brampton Engineering coextrusion film blowing line for 

LDPE/LDPE/tie/PA6/EVOH/PA6/tie/LDPE/LDPE film production has been 

performed under different processing conditions (different air cooling intensity and 

mass flow rate) in order to evaluate variational principles based modeling approach for 

the multi-layer film blowing process. 

It has been revealed that the variational principle based model can describe the 

bubble shape and predict internal bubble pressure reasonably well for both, decreased 

freeze line height and the bubble curvature due to increased air cooling intensity or 

decreased mass flow rate under highly non-isothermal conditions even if the         

multi-layer film has been viewed as the static elastic membrane characterized only by 

one material parameter - bubble compliance J, which was not allow to vary along the 

bubble.  Thus, it is believed, that the variational principle based modeling approach 

can be used and explored for the multi-layer film blowing process to understand 

complex rheological, heat transfer and crystallization phenomena occurring in        

multi-layer film blowing process with respect to process stability and final film 

properties.  
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 LIST OF SYMBOLS 

A  Zatloukal-Vlcek model function 1 

BUR  Blow-up ratio 1 

dx  Element length in x direction m 

Ep  Membrane potential energy J 

F, Ftotal  Take-up force N 

Fthickness  Force acting in the thickness direction of the bubble N 

H0  Bubble thickness at the die exit m 

H1  Bubble thickness at the freezeline height m 

J  Membrane compliance  Pa-1 

I  Potential energy functional N 

L  Freezeline height m 

LCRH  Cooling ring height m 

m   Mass flow rate kg.s-1 

p  Internal load Pa·m 

R0  Inner die radius m 

rf  Bubble radius at the freezeline height m 

r(x)  Local bubble radius m 

TUR  Take-up ratio 1 

V  Bubble volume m3

vdie  Bubble velocity at the die exit m·s-1 

vf
 

 Bubble velocity at the freezeline m·s-1 

x  Particular distance from the die exit m 

y(x), y  Local bubble radius m 

    

Greek symbols    

α´  Zatloukal-Vlcek model function 1 

Δp  Internal bubble pressure Pa 

Δpexp  Experimentally measured internal bubble pressure Pa 

Δpcalc  Predicted internal bubble pressure Pa 
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1  Lagrange multiplier Pa 

π  Ludolf´s number 1 

φ  Zatloukal-Vlcek model function 1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



163 

 

Table 1. Parameters A and φ for different bubble shapes (y) [12]. 

Equation A φ y 

1. 1 0 R0
 

2. 0 < A < 1 








 
A

A
arctan

21  
The form of Eq. (8). 

3. 0 π/2  
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Table 2. Summarization of the model parameters and model predictions (by keeping 

the bubble compliance J the same for all the cases equal to 0.00028221 Pa-1) for all 

tested processing conditions including the measured value of the internal bubble 

pressure Δpexp. 

 

Air ring 
Low cooling 

300 kg/h 
High cooling 

300 kg/h 
High cooling 

225 kg/h 
High cooling 

375 kg/h 

BUR  
(-) 

1.79554 1.79934 1.82050 1.77169 

pJ/R0  
(-) 

1.06416160 1.35021986 1.41020 1.1500010 

L  
(m) 

0.7570395 0.5530498 0.4469456 0.7038099 

pexp 

(Pa) 
489.05 489.05 684.67 684.67 

pcalc 
(Pa) 

417.89 489.05 554.07 390.38 

F 
(N) 

738.17 178.37 72.74 533.13 
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Figure 1. Sketch of the multi-layer film blowing line. 
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Figure 2. Multi-layer membrane before deformation (left), multi-layer membrane 

after deformation (right). 
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Figure 3. Brampton Engineering 9-layer air cooled blown film line.  

3a) and 3b) Side view. 3c) Top view.  

 

 

3a) 

3b) 3c) 
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Figure 4. Detail view of the 9-layer film formation at Brampton Engineering    

multi-layer die exit region including the scale for precise bubble shape 

determination by using digital image analysis. 
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Figure 5. Comparison between experimentally determined multi-layer bubble shape 

(open symbols) and model prediction (line) for low air cooling processing conditions 

and mass flow rate equal to 300 kg/h (cooling ring height, LCRH = 0.26 m). 
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Figure 6. Comparison between experimentally determined multi-layer bubble shape 

(open symbols) and model prediction (line) for high air cooling processing conditions 

and mass flow rate equal to 300 kg/h (cooling ring height, LCRH = 0.26 m). 
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Figure 7. Comparison between experimentally determined multi-layer bubble shape 

(open symbols) and model prediction (line) for high air cooling processing conditions 

and mass flow rate equal to 225 kg/h (cooling ring height, LCRH = 0.26 m). 
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Figure 8. Comparison between experimentally determined multi-layer bubble shape 

(open symbols) and model prediction (line) for high air cooling processing conditions 

and mass flow rate equal to 375 kg/h (cooling ring height, LCRH = 0.26 m). 
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Figure 9. The effect of air bubble cooling intensity on the average multi-layer bubble 

temperature filed at fixed mass flow rate (300 kg/h). 9a) Low air cooling intensity 

(cooling ring height, LCRH = 0. 26 m). 9b) High air cooling intensity (cooling ring 

height, LCRH = 0. 26 m).   

 

9a) 

9b) 
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Figure 10. The effect of mass flow rate on the average multi-layer bubble temperature 

filed at the fixed high air cooling intensity. 10a) Mass flow rate equal to 375 kg/h 

(cooling ring height, LCRH = 0. 26 m). 10b) Mass flow rate equal to 225 kg/h (cooling 

ring height, LCRH = 0. 26 m).   

 

10a) 

10b) 
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Figure 11. The effect of air bubble cooling intensity on the average multi-layer bubble 

temperature profile (taken from the bubble centre) at the fixed mass flow rate         

(300 kg/h). 
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Figure 12. The effect of mass flow rate on the average multi-layer bubble temperature 

profile (taken from the bubble centre) at the fixed high air cooling intensity. 
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